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Coprime Matchings

Given two sets of integers of the same size, a bijection ψ between them
is a coprime matching if gcd(n, ψ(n)) = 1 for each n in the domain.

Example. {1, 2, 3, 4} and {5, 6, 7, 8}:

1↔ 6, 2↔ 7, 3↔ 8, 4↔ 5.

Classical result: Pomerance–Selfridge (1980) proved a conjecture of D.
J. Newman: there is always a coprime matching from {1, 2, . . . ,N} to
any other interval of N consecutive integers.

M., Pomerance Matchable Numbers July 16 2026 2



Coprime Matchings

Given two sets of integers of the same size, a bijection ψ between them
is a coprime matching if gcd(n, ψ(n)) = 1 for each n in the domain.

Example. {1, 2, 3, 4} and {5, 6, 7, 8}:

1↔ 6, 2↔ 7, 3↔ 8, 4↔ 5.

Classical result: Pomerance–Selfridge (1980) proved a conjecture of D.
J. Newman: there is always a coprime matching from {1, 2, . . . ,N} to
any other interval of N consecutive integers.

M., Pomerance Matchable Numbers July 16 2026 2



Coprime Matchings

Given two sets of integers of the same size, a bijection ψ between them
is a coprime matching if gcd(n, ψ(n)) = 1 for each n in the domain.

Example. {1, 2, 3, 4} and {5, 6, 7, 8}:

1↔ 6, 2↔ 7, 3↔ 8, 4↔ 5.

Classical result: Pomerance–Selfridge (1980) proved a conjecture of D.
J. Newman: there is always a coprime matching from {1, 2, . . . ,N} to
any other interval of N consecutive integers.

M., Pomerance Matchable Numbers July 16 2026 2



Our Setting: Divisors

In a 2022 MathOverflow post Recamán asks about different sets.

For an integer n, let D(n) be the set of divisors of n and τ(n) = |D(n)|.

Definition
An integer u is matchable if there exists a coprime matching between
{1, 2, . . . , τ(u)} and D(u).

Example. D(6) = {1, 2, 3, 6}, τ(6) = 4. The matching

1↔ 6, 2↔ 3, 3↔ 2, 4↔ 1

is a coprime matching, so 6 is matchable.
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u=54

Lets try a more complicated example: u = 54 = 2 · 33.

D(54) = {1, 2, 3, 6, 9, 18, 27, 54}
We want to find a coprime matching D(54)⇐⇒ [1, . . . , 8].

1←→ 6 2←→ 3

3←→ 2 9←→ 4 27←→ 8

6←→ 1 18←→ 5 54←→ 7
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First Non-Matchable Number: u = 8

D(8) = {1, 2, 4, 8}, so we need a bijection ψ : {1, 2, 3, 4} → {1, 2, 4, 8}
with gcd(j , ψ(j)) = 1.

The even divisors {2, 4, 8} must map to odd numbers in {1, 2, 3, 4}, but
there are only two odd numbers: 1 and 3. Yet |{2, 4, 8}| = 3 > 2.

Note: 4 is matchable: D(4) = {1, 2, 4} matches {1, 2, 3} via
1↔ 4, 2↔ 1, 3↔ 2.

But, in general, if 4 | u at least 2τ(u)/3 divisors of n are even, but at
most ⌊(τ(u) + 1)/2⌋ integers in {1, . . . , τ(u)} are odd. So, every
multiple of 4 other than 4 is not matchable.
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The Obstruction: Powers of Primes

Proposition
If pp | u and τ(u) ≥ p2, then u is not matchable.

Proof idea. If pp|u, then at most τ(u)
p+1 divisors of n are coprime to p.

But ⌊τ(u)/p⌋ elements of {1, . . . , τ(u)} are divisible by p to pair with
p-free divisors. The hypothesis τ(u) ≥ p2 forces too many p-multiples in
{1, . . . , τ(u)}.
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M-Numbers and Their Density

Definition
Call n an M-number if pp ∤ n for every prime p.

Examples: Every squarefree number is an M-number. 54 = 2 · 33 is not
since 33 | 54.
The set of M-numbers has asymptotic density

α =
∏

p prime

(
1− 1

pp

)
= 0.72199023441955 . . .

König and Alekseyev conjecture (commenting on Recamán’s post) every
M-number is matchable. We prove this for almost all M-numbers.
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Our Results

Theorem (M., Pomerance)

The density of the matchable numbers is α =
∏
p

(
1− 1

pp

)
= 0.72199....

Two ingredients:

Upper bound: matchable non-M-numbers have density 0.

Lower bound: non-matchable M-numbers have density 0.

We also prove: every squarefree number is matchable.
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Upper Bound: Non-M Matchable Numbers Are Rare

Key step. By our proposition, if pp | u and u is matchable, then
τ(u) < p2; such integers are rare.

Remark. The count of matchable non-M-numbers up to x is
≤ x/(log x)1+o(1), which is essentially best possible: there are ≫ x/ log x
numbers of the form 27p (p prime, p ̸= 3), and all are matchable.
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Strategy: Squarefree Numbers

To show every squarefree number is matchable we split into two theorems:

Theorem (A)
Every squarefree number with at least 45 prime factors is matchable.

Theorem (B)
Every squarefree number with at most 44 prime factors is matchable.

Both use Hall’s theorem: in a bipartite graph, a perfect matching
exists if and only if |N(S)| ≥ |S | for every subset S of one side, where
N(S) is the neighborhood of S .
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Proof of Theorem A (ω(u) > 44): Small primes

Let u be squarefree, u = p1p2 · · · pℓ with ℓ ≥ 45, so τ(u) = 2ℓ. Split

u = mj · n, mj = p1 · · · pj , n = u/mj , j ≥ 3.

Lemma We can partition [1, 2ℓ] into τ(mj) = 2j equal sets Av (one per
divisor v of mj), each of size τ(n) = 2ℓ−j , with every element coprime to
v , and Av is “approximately” the union of 2j arithmetic progressions.

Now, a coprime matching Av → vD(n) is the same as a coprime
matching Av → D(n). So it suffices to show that there exists such a
matching for each v .
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Proof of Theorem A: Hall’s Condition

For S ⊂ Av , set N(S) = {d ∈ D(n) : gcd(s, d) = 1 for some s ∈ S}.

Goal: Show |N(S)| ≥ |S | for every S ⊆ Av .

Key idea: Let k = mins∈S ω((s, n)). Any s achieving this minimum is
coprime to ℓ− j − k prime factors of n, so it is adjacent to
2ℓ−j−k = τ(n)/2k divisors. Hence

|N(S)| ≥ τ(n)/2k .

Note that if k = 0 then N(S) = D(n), so |S | ≤ τ(n) = |N(S)|.
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Proof of Theorem A: The large primes

Recall |N(S)| ≥ τ(n)/2k where k = mins∈S ω((s, n)).

Set f (n) =
∑
p|n

1
p .

Lemma: f (n) < 0.93. (Primes of n are the large prime factors of u.)

The count of a ∈ Av with ω((a, n)) ≥ k is at most

τ(n)
f (n)k

k!
+ ”Error”.

Case k ≥ 4: For k ≥ 4, f (n)k/k! ≤ (0.93)k/k! < 1/2k , so supposing S
contained every such element, we still have |S | < τ(n)/2k ≤ |N(S)|.
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Recall |N(S)| ≥ τ(n)/2k where k = mins∈S ω((s, n)). Set f (n) =
∑
p|n

1
p .

Lemma: f (n) < 0.93. (Primes of n are the large prime factors of u.)
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Proof of Theorem A: Case k = 3, Unique Triple

For k = 3: |N(S)| ≥ τ(n)/8, but f (n)3/3! ≈ 0.134 > 1/8, (with
f (n) =

∑
p|n 1/p < 0.93) so the sieve alone just barely fails.

Take s1 ∈ S with (s1, n) = q1q2q3. Sub-case: Suppose the triple
{q1, q2, q3} is unique. (Every s ∈ S has (s, n) = q1q2q3 or ω((s, n))>3.)
Every such s is divisible by q1q2q3, so

|S | ≤ τ(n)

q1q2q3
+ τ(n)

f (n)4

24
+ ”Error”

Now, q1q2q3 ≥ 7 · 11 · 13 = 1001 and so gives

|S | < 0.033τ(n) < τ(n)/8 ≤ |N(S)|.
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Proof of Theorem A: Case k = 3, Non-Unique Triple

Now suppose the triple is not unique, S contains s1, s2 with
(s1, n) = q1q2q3, (s2, n) = q4q5q6, and q1q2q3 ̸= q4q5q6.

The two triples share at most 2 primes, so together they exclude ≥ 4
distinct prime factors of n. Thus |N(si)| = τ(n)/23 and
|N(s1) ∩ N(s2)| ≤ τ(n)/24. By inclusion-exclusion:

|N(S)| ≥ |N(s1) ∪ N(s2)| ≥ 2τ(n)
8 −

τ(n)
16 = 3τ(n)

16 .

Since 3/16 = 0.1875 and f (n)3/6 < 0.134, we get

|S | < τ(n) · f (n)3/6 < 3τ(n)
16 ≤ |N(S)|.

Cases k = 1, 2: Similar ideas, but increasingly complicated.
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Theorem B (squarefree at most 44 prime factors)

Suppose ℓ = ω(u) < 45.

By a monotonicity argument we show that we can reduce to the case
where u is the product of the first ℓ odd primes.

Again proceed by cases involving k = mins∈S ω((s, u)), but now using
exact counts for the number of integers with ω((s, u)) = j .
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Extending to M-Numbers

The same Hall’s-theorem strategy extends to M-numbers: Handle the
prime powers pp−1∥n along with the small primes (which can appear to
higher powers), assume the remaining large prime factors appear only to
the first power and are handled as in the squarefree case.

Corollary
Almost all M-numbers are matchable: the non-matchable M-numbers
form a density-0 set.
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Open Problems

Main conjecture: Is every M-number matchable?

Divisor structure: If n is matchable and d | n, is d also
matchable? (König observed that an affirmative answer would
resolve the main conjecture.)

Large prime powers: Our methods handle a wide range of
M-numbers but seem fundamentally unable to handle integers with
many large primes to high powers. Are all integers of the form
21 · 32 · 53 · · · p⌈p/2⌉ matchable?
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THANK YOU!
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