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Primitive Sets

Definition

A set S ⊂ N is primitive if no element of the set divides another: if
m, n ∈ S are distinct then m ∤ n.

Examples:

Prime numbers P = {2, 3, 5, . . .}.
{m,m + 1,m + 2, . . . 2m − 1}.
Integers with exactly k prime factors,
P2 = {4, 6, 9, 10, 14, 15, 21, 22, . . .}.
{1}.
Primitive abundant numbers.
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Primitive abundant numbers

Recall σ(n) =
∑
d |n

d is the sum of divisors function.

Ancient Greeks called n perfect if σ(n) = 2n, since the divisors less than n
sum to n. For example 1+2+3 = 6 or 1+2+4+7+14 = 28.

If σ(n) > 2n then n is called abundant, if σ(n) < 2n it is deficient.
σ(20) = 1+2+4+5+10+20 = 42 σ(21) = 1+3+7+21 = 32.

Any multiple of an abundant number is abundant (σ is multiplicative)

A primitive abundant number is an abundant number, all of whose divisors
are deficient (20, 70, 88, 104, 272, 304, 368, 464, 550...)
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Primitive abundant numbers

Erdős showed that if S is a set of integers whose reciprocal sum
∑
s∈S

1
s

converges, then the set of multiples {ns | n ∈ N, s ∈ S} has a density.

He also showed that the reciprocal sum of primitive abundant numbers
converges. So the abundant numbers have a density. We now know, due
to Kobayashi that this density is about 0.2476...

What about primitive sets where the reciprocal sum diverges? For
example, the reciprocal sum of prime numbers

∑
p∈P

1
p diverges.
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Large primitive sets

In 1935 Erdős defined primitive sets as a generalization of primitive
abundant numbers, and showed:

Theorem (Erdős)

If S ̸= {1} is a primitive set then
∑
n∈S

1

n log n
< ∞.

Considering primes: even though
∑
p∈P

1
p diverges,

∑
p∈P

1
p log p converges!

If S ̸= {1} is a primitive set then
∑
n∈S

1

n log n
≤
∑
p∈P

1

p log p
= 1.63 . . .
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The divisor graph

The divisor graph of {1, 2, . . . , n}, denoted D[1,n], is the graph on vertices
v1, v2, . . . vn and an edge between vi and vj if i | j (or j | i).

Example: n = 9

In general D[k,n] is the
subgraph of D[1,n] with
only vertices in [k, n].

Independent subsets of a divisor graph are primitive sets of integers.
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Finite primitive sets

Note: {} and {1} are both primitive sets.

What do other primitive subsets of the first few integers look like?

n primitive subsets of {1, 2 . . . n} count

1 {}, {1} 2
2 {}, {1}, {2} 3
3 {}, {1},{2},{3},{2, 3} 5
4 {}, {1},{2},{3},{2, 3}, {4},{3, 4} 7
5 {}, {1},{2},{3},{2, 3}, {4},{3, 4},{5},{2, 5},{3, 5}, {2, 3, 5}, {4, 5},{3, 4, 5} 13
6 17

How many primitive subsets of {1, 2 . . . n} are there?
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Counting primitive sets

Let Q(n) count the primitive sets with largest element at most n.
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Bounds

Cameron and Erdős considered the function Q(n) in 1990.

(Almost) trivially:
(
√
2)n ≤ Q(n) ≤ 2n

Every subset of
(
n
2 , n
]
is primitive. There are 2⌈

n
2
⌉ ≥

√
2
n
such subsets.
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Bounds

Cameron and Erdős (1990) improve these bounds to:

1.5596n < Q(n) < 1.60n

Conjecture: lim
n→∞

Q(n)1/n exists.

Theorem (Angelo, 2017)

c= lim
n→∞

Q(n)1/n exists. Equivalently, Q(n) = cn+o(n).

o(n) means an error term E (n) where limn→∞
E(n)
n = 0.

His proof gives no insight on the value of this constant.

Nathan McNew Counting permutations and primitive sets March 22, 2023 10



Bounds
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Idea: count primitive sets working backward from n

Every subset of
(
n
2 , n
]
is primitive, so Q(n) ≥ 2n/2. As a graph, D( n

2
,n]:

nn−1n−2n−3· · ·n
2
+1

Each integer can either be included or not included (2 possibilities).

Try to make this bigger by considering integers in
(
n
3 ,

n
2

]
. D( n

3
,n]:

nn−1n−2n−3· · ·n
2
+1

n
2

n−2
2· · ·
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Constructing Primitive Sets

For each k ∈
(
n
3 ,

n
2

]
we can include k , 2k or neither.

(3 possibilities)

Each new connected component of the graph is equivalent to counting
primitive subsets of {1, 2} or independent subsets of:

1

2

Use this to improve the lower bound for Q(n). For each k ∈
(
n
3 ,

n
2

]
we

multiply by 3
2 , the ratio of primitive subsets of {k , 2k}, to those of just

{2k}. (2k was in
(
n
2 , n
]
, so those were already counted.)

Q(n) ≥ 2n/2
(
3
2

)n/6
= 2n/33n/6 ≈ 1.5131n.
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Constructing primitive sets: pressing on!

Work backward, considering progressively smaller k . Take k ∈
(
n
4 ,

n
3

]
.

Now we need to worry about k , 2k , 3k . Actually two scenarios:

Odd k :

k

2k
3k

5 primitive subsets of
{k , 2k , 3k} replace 4
of just {2k , 3k}.

Even k = 2ℓ: Now 3k
2 = 3ℓ is also an integer.

Consider subsets of k=2ℓ, 3ℓ, 2k=4ℓ, 3k=6ℓ.

2ℓ

4ℓ

6ℓ

3ℓ

Find 8 primitive subsets:
{}, {2ℓ}, {3ℓ}, {4ℓ}, {6ℓ},
{2ℓ, 3ℓ}, {3ℓ, 4ℓ}, {4ℓ, 6ℓ}

Replacing the 6 subsets of only {3ℓ, 4ℓ, 6ℓ}.

Q(n) ≥ 2n/2
(
3
2

)n/6 (5
4

)n/24 (8
6

)n/24
= 25n/243n/85n/24 ≈ 1.5456n
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One more wrinkle

Consider k ∈
(
n
5 ,

n
4

]
, the next interval.

If k = 2ℓ is even we must consider
2ℓ, 4ℓ, 6ℓ, 8ℓ, as well as 3ℓ.

2
4

6

3

8

However, if k ≤ 2n
9 then 9ℓ ≤ n

must also be considered.

2
4

6

3

8 9

So now we consider 2ℓ, 3ℓ, 4ℓ, 6ℓ, 8ℓ and 9ℓ.

So k ∈
(
n
5 ,

2n
9

]
behave differently than those k ∈

(
2n
9 ,

n
4

]
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Computing Q(n)

Let r(k , n) =
#Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]
.

Observations:

1 ≤ r(k , n) ≤ 2

r(k , n) only depends on the structure of the connected component of
k in the divisibility graph of [k , n].

Q(n) =
n∏

i=1

r(i , n) (Telescoping product)

Goal: group together equal terms in this product.
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Key Observations about r(k , n)

Fix k , n.

Let i =
⌊
n
k

⌋
. Multiples of k in [k , n] are k , 2k , . . . ik .

If one integer from [k, n] divides another the ratio is an integer ≤ i .
Connected components of D[k,n] are divisible by the same primes >i .

Let ℓ be the the product of all of the primes dividing k greater than i .
Every integer in the connected component of k is divisible by ℓ.

Let d=k
ℓ be the i-smooth part of k .

Let t=
⌊
n
ℓ

⌋
. So that tℓ is the largest integer ≤ n divisible by ℓ.

Then r(k, n) = r(dℓ, tℓ) = r(d , t).

As n → ∞, the number of k ≤ n sharing the same “d” and “t” is

n + o(n)

t(t + 1)

∏
p≤i

(
1− 1

p

)
.
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Approximating Q(n)

r(k , n) = r(d , t), i = ⌊ nk ⌋, d is the i-smooth part of k.

Q(n) =
n∏

k=1

r(k , n) =
n∏

i=1

∏
d

d is i-smooth

(i+1)d−1∏
t=id

r(d , t)
n+o(n)
t(t+1)

∏
p<i

p−1
p .

Set c =
∞∏
i=1

∏
d

d is i-smooth

(i+1)d−1∏
t=id

r(d , t)

1
t(t+1)

∏
p<i

p−1
p

.

We find that Q(n) = cn+o(n).
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Approximating Q(n)

Theorem

As n → ∞ the number of primitive subsets of [1, n] is

Q(n) = c
n+o

(
n exp

(
−
√

1
2
log n log log n

))

or
logQ(n) = n log c + o

(
n

e

√
1
2
log n log log n

)
.

The constant c =
∞∏
i=1

∏
d

d is i-smooth

∏
t∈[id ,(i+1)d)

r(d , t)
1

t(t+1)

∏
p<i

p−1
p

is bounded between 1.5729 < c < 1.5745.
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A general theorem

Theorem (M.)

Suppose f (k, n) depends only on the connected component of k in D[k,n]

and |f (k, n)| ≤ A for some fixed A. Then

n∑
a=1

f (a, n) = nCf + o

(
An exp

(
−
√

1
2 log n log log n

))
where

Cf =
∞∑
i=1

∑
d

d is i-smooth

∑
t∈[id ,(i+1)d)

 f (d , t)

t(t + 1)

∏
p≤i

p − 1

p

 .
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An application: Path covers of the divisor graph

Pomerance, Erdős, Saias and others study the the length of the longest
path in the divisor graph of [1, n], showing it is ≍ n

log n .

Let C (n) be the least number of disjoint paths that contain all the vertices
of this graph.

1

2
4

6

3

8 9

5
7

Example: C (9) = 2

The divisor graph D[1,9] can be
covered by {7, 1, 5} and {9, 3, 6, 2, 4, 8}
but it is not possible to use a single path.
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An application: Path covers of the divisor graph

Bounds on the path cover number C (n) of D[1,n] have improved.

Theorem (Saias (2003))
n
6 ≤ C (n) ≤ n

4 for sufficiently large n.

Theorem (Mazet (2006))

C (n) = νn + o(n) for
0.1706 ≤ ν ≤ 0.2289.

Theorem (Chadozeau (2008))

C (n) = νn
(
1 + O

(
1

log log n log log log n

))
.
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A Telescoping Sum

Theorem (Mazet, Chadozeau)

C (n) = νn + O
(

n
log log n log log log n

)
, 0.1706 ≤ ν ≤ 0.2289.

Set f (k, n) = #{paths to cover D[k,n]} – #{paths to cover D[k+1,n]}.
f (k, n) ≤ 1: Can always cover the vertex k using a new path {k}.
f (k, n) ≥ −1: Can decrease by one if two paths are connected by k .
f (k, n) depends only on the connected component of k in D[k,n].

C (n) =
n∑

k=1

f (k , n)

Theorem

C (n) = νn + o

(
n

exp

(√
1
2
log n log log n

) )
and 0.1909 < ν < 0.2179.
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Divisor-permutations

Recently, Pomerance asked how many permutations σ have the property
that either σ(i)|i or i |σ(i) for every index i .

Call these divisor-permutations and denote their count by D(n).

Example: n = 4, 3412 1234 1432 2431 2134 3214 4231 4132
8 total D(4) = 8.

In a subsequent paper he proves

1.93n ≤ D(n) ≤ 13.6n

for sufficiently large n.
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The connection to the divisor graph

{
Permutations σ of n where
∀ i either σ(i) | i or i | σ(i)

}
⇐⇒

{
Directed, vertex-disjoint cycle
covers of D[1,n] with self-loops

}

Example: σ = 916852743 = (1 9 3 6 2)(4 8)(5)(7)

1

2
4

6

3

8 9

5
7
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d(k , n)

d(k , n)=
# vertex-disjoint cycle covers of D[k,n]

# vertex-disjoint cycle covers of D[k+1,n]
, D(n)=

n∏
k=1

d(k, n).

Seems like the right setup to apply the general theorem....

...Except it isn’t clear that d(k , n) is bounded.

In fact it is unbounded, d(k , n) > π
(
n
k

)
− π

(
n
2k

)
.
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d(k , n)

We can adapt the proof of the general theorem to handle a function
f (k, n) that doesn’t grow too quickly with n

k .

Doesn’t seem trivial to find any sub-exponential bound for d(k , n).

For any graph G let D(G ) denote the count of directed vertex-disjoint
cycle covers of G (allowing loops at each vertex.) D(n) = D(D[1,n]).

Let R(G , v) =
D(G )

D(G \ {v})
.

Theorem

For any graph G and vertex v of degree d, (counting a self loop)

R(G , v) ≤ 1 +
d2−d

2
.
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Proof outline

Theorem

For any graph G and vertex v of degree d, (counting a self loop)

R(G , v) =
D(G )

D(G \ {v})
≤ 1 +

d2 − d

2
.

Let W = {w1,w2, . . . ,wd−1} be the neighbors of v in G .

Write D(G ) = Cv +
d−1∑
i=1

Cvwi + 2
∑

1≤i<j<d

Cwivwj .

Cv = D(G\{v}) counts cycle covers where v is fixed (a 1-cycle).

Cvwi counts cycle covers where v is in a 2-cycle with wi .

Cwivwj counts cycle covers containing the edges wi → v → wj .

R(G , v) =
D(G )

Cv
≤ 1 + (d − 1) + 2

∑
1≤i<j<d

Cwivwj

Cv
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Proof outline

R(G , v) =
D(G )

Cv
≤ 1 + (d − 1) + 2

∑
1≤i<j<d

Cwivwj

Cv

Claim:
(
Cwivwj

)2 ≤ 1
4 (Cv )

2 .

Write Cv = X + Yi + Yj + Z

X counts the cases where v , wi , and wj are all part of 1-cycles

Yi counts those where only v and wi are fixed (not wj).

Z counts those where v is fixed but neither wi nor wj is fixed.

Then write

(Cv )
2 = (X+Yi+Yj+Z )2 ≥ (X+Z )2 + (Yi+Yj)

2 ≥ 4(XZ + YiYj)

by the AM-GM inequality. It remains to show XZ + YiYj ≥ (Cwivwj )
2.
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XZ + YiYj ≥ (Cwivwj
)2

Find an injection from objects counted by (Cwivwj )
2 to objects counted by

XZ + YiYj .

Each of XZ , YiYj and (Cwivwj )
2 count pairs of directed vertex-disjoint

cycle covers. In each pair, color the first one blue, and the second red.

Draw both on the same graph. Get a colored, directed multigraph, every
vertex has one inward and outward pointing edge of each color.
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Colorings!

v
wi

wj

Take a colored multigraph obtained from (Cwivwj )
2. (It has both blue and

red edges wi → v → wj .) Remove all four of these edges.

Add two loops to v one of each color.

Now every vertex (except wi , wj) has in- and out-edges of each color. wi

has in-edges of each color, and wj has out-edges of each color.
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v
wi

wj

The colored multigraph consists of alternating-color cycles, plus two
alternating-color paths wj→wi .

Call the path ending in a blue edge P.

Now add a (initially uncolored) loop to each of the vertices wi and wj .

Color the new loop on wi blue. Recolor and reverse every edge along P.
Every vertex along P (except wj) has a consistent coloring.

Both edges adjacent to wj have the same color and opposite orientations.
Color the new loop at wj the opposite color.
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Wrapping up

v
wi

wj

P

The final result is a coloring in which v is fixed by both colors, every
vertex has exactly one in-edge and out-edge of each color.

If both the self-loops on wi and wj have the same color (blue) the result is
counted by XZ , otherwise it is counted by YiYJ .

We have shown an injection from objects counted by (Cwivwj )
2 to objects

counted by XZ + YiYj . So (Cwivwj )
2 ≤ XZ + YiYj ≤ 1

4(Cv )
2
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Wrapping up

Theorem

For any graph G and vertex v of degree d, (counting a self loop)

R(G , v) ≤ 1 +
d2−d

2
.

Using this, we find that

d(k , n)=
# vertex-disjoint cycle covers of D[k,n]

# vertex-disjoint cycle covers of D[k+1,n]
≤ 1 +

⌊ nk ⌋
2 − ⌊ nk ⌋
2

.

D(n) =
n∏

k=1

d(k , n).
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Counting divisor-permutations

D(n) = #{σ ∈ Sn : ∀i either σ(i)|i or i |σ(i)}.

Theorem (Pomerance (2022))

1.93n ≤ D(n) ≤ 13.6n (n sufficiently large.)

Theorem

As n → ∞, D(n) = c
n+o

(
n exp

(
−
√

1
2
log n log log n

))
d .

Using d(k, n) ≤ 1+
⌊ n
k
⌋2−⌊ n

k
⌋

2 we improve cd < 13.6 to cd < 3.32.

Using numerical computation we improve this to 2.069 < cd < 2.694.
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Open questions

What is the best constant C , R(G , v) ≤ (C + o(1))d2 as d → ∞?

We have C ≤ 1
2 .

On the other hand, looking at complete bipartite graphs K n
2
,n we find

R(K d
2
,d , v) ≥

(
1

4
+ o(1)

)
d2.
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Open questions

What is the length l(n) of the longest path in D[1,n]?

Saias: 3 x
log x ≤ l(x) ≤ 7 x

log x , for sufficiently large x .

What is the length of the longest cycle? Its at most l(x). . .

Let L be a path of length l(n) in D[1,n]. What is the length of the longest

path in D[1,n] \ L? It is ≫
√
n

log n .
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THANK YOU!
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