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Abstract

The harmonic numbers are the sequence 1, 1 + 1/2, 1 + 1/2 + 1/3, · · · . Asymptotically, the difference
between the nth harmonic number and the natural logarithm of n converges to Euler’s constant γ. We
define a family of natural, iterated generalizations of the harmonic numbers. The jth iterated harmonic
numbers build upon the previous sequences in a natural way, and they relate to iterated logarithms much
like ordinary harmonic numbers relate to the natural logarithm. We find that the analogues of several
well-known properties of the harmonic numbers also hold for the iterated harmonic numbers, including
finding generalizations of Euler’s constant. For the second-order case, we compute the first six digits
of this constant, γ2 = 0.887118 . . .. After reviewing the proof that only the first harmonic number is
an integer and providing some numeric evidence, we conjecture the same result holds for all iterated
harmonic numbers. We also review another proposed extension of harmonic numbers.

1 Definition and properties of the harmonic numbers

The harmonic numbers are the sequence
{
1, 1 + 1

2 , 1 +
1
2 + 1

3 , · · ·
}
; we denote them as h1 (n) :=

∑n
k=1

1
k .

Some of the properties of the harmonic numbers h1 (n) are:

1. They are positive rational numbers, starting at 1 and monotonically increasing.

2. They are the partial sums of the divergent infinite series
∑∞

k=1
1
k .

3. They have a direct connection with the natural logarithm. In particular, as n → ∞, h1 (n)− lnn → γ,
where γ = 0.5772156649 . . . is Euler’s constant.

4. They are close to similar, but convergent, sequences;
∑∞

k=1
1
k diverges, but, for any fixed small positive

number ϵ,
∑∞

k=1
1

k1+ϵ converges.

5. The only harmonic number that is an integer is 1.

Below we define a family of generalizations of the harmonic numbers and show that the analogues of
several of Properties 1–5 hold for our generalization, including finding appropriate generalizations of Euler’s
constant. After reviewing several proofs that only the first harmonic number is an integer, we explore how
the ideas of these proofs might extend to our generalizations and conjecture that none of the generalized
harmonic numbers (other than the first) are integers. We close by reviewing an earlier proposed extension
of harmonic numbers and offering suggestions for future research.

2 Iterated harmonic numbers and iterated logarithms

We define hj(n), the iterated harmonic numbers of order j, for j = 2, 3, · · · . First define h2 (n) :=∑n
k=1

1
kh1(k)

, then h3 (n) :=
∑n

k=1
1

kh1(k)h2(k)
, and so on. For every integer j ≥ 2,

hj (n) :=

n∑
k=1

1

kh1 (k)h2 (k) · · ·hj−1 (k)
.
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For example,

h2(3) =
1

1 · 1
1

+
1

2 ·
(
1
1 + 1

2

) + 1

3 ·
(
1
1 + 1

2 + 1
3

) =
50

33
,

and the first five terms of h2 are 1, 4
3 ,

50
33 ,

1,349
825 , and 194,713

113,025 , and the first five terms of h3 are 1, 5
4 ,

137
100 ,

194,713
134,900 , and

39,248,662,369
26,266,783,700 .

The natural logarithm is ln1 x = lnx :=
∫ n

1
dt
t . The second iterated natural logarithm is ln2 (x) =

ln lnx :=
∫ x

e
dt

t ln t .
1 (To see this, integrate using the substitution u = ln t, du = dt

t .) In general, the jth
iterated logarithm is given inductively by lnj x := ln lnj−1 x, or equivalently,

lnj x :=

∫ x

j−1e

dt

t ln1 t ln2 t · · · lnj−1 t
,

which is evident using the analogous substitution, u = lnj−1 t, du = dt
t ln1 t ln2 t··· lnj−2 t . In order to avoid a

non-zero constant term the lower limit of the integral must be j−1e where ie, the ith hyperpower of e, is
given by 0e = 1, 1e = e, 2e = ee, 3e = e

2e = ee
e

, . . . . Note that the integer portion of 4e ≈ 101656520 exceeds
1.6 million decimal digits. The domain of lnj , for j > 1, is (j−2e,∞), while the domain of ln1 is (0,∞).

To aid in our exploration of analogues of Property 3 for the jth-iterated harmonic number and the jth-
iterated logarithm, we also define a third quantity, the integer stepwise constant estimate for the integral
defining the iterated logarithm:

lj(n) :=

n∑
k=a

1

k ln k ln2 k · · · lnj−1 k
. (1)

The lower limit a = a(j) is the smallest positive integer in the domain of lnj . Thus a(1) = 1, a(2) = 2, a(3) =
3, a(4) = 16 and a(j) = ⌈j−2e⌉ for j = 5, 6, . . ..

1
x

k k + 1 k + 2

1
k

1
k+1

Figure 1: Upper and lower step function bounds for 1
x .

1This notation for the second iteration of the natural logarithm should not be confused with log2 n, the base 2 logarithm of
n. Only natural logarithms will be iterated in this work.
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Identify a sequence {S(k)} with a step function according to the rule that the function take the constant
value S(k) at every point x of the interval k ≤ x < k + 1. Figure 1 illustrates Property 3, the connection
between harmonic numbers and the natural logarithm. The area

∫ n

1
dx
x = lnn under the function 1

x is greater

than the darkly shaded area under the step function 1
⌈x⌉ integrated from 1 to n, which evaluates to h1(n)−1.

On the other hand the area
∫ n

1
dx
x is less than the area under the other step function 1

⌊x⌋ . This is the total

shaded area which evaluates to 1 + 1
2 + · · ·+ 1

n−1 = h1(n− 1). Analysis of the small differences between the
three regions leads to the problem of accurately quantifying the difference between the harmonic numbers
h1(n) and lnn. The well-known Euler’s constant γ expresses the asymptotic difference between natural
logarithm and the harmonic numbers:

γ = lim
n→∞

(h1(n)− lnn) = lim
n→∞

(l1(n)− lnn) ≈ 0.577 . . .

For any higher order iteration j, the geometry is similar. The full complexity is already visible for j = 2,
which is illustrated in Figure 2.

1
x ln x

c · 1
x ln x

k k + 1 k + 2

1
kh1(k)

1
k ln k

Figure 2: Curves 1
x ln x and c · 1

x ln x and step functions 1
⌊x⌋ ln⌊x⌋ and 1

⌊x⌋h1(⌊x⌋)

Comparing the upper curve to the upper step function in Figure 2, the area
∫ n+1

2
dx

x ln x under the curve

is less than the area from 2 to n + 1 of the step function 1
⌊x⌋ ln⌊x⌋ , whose sum is l2(n). Note that the steps

end at x = n+ 1 with the height of the last step at 1
n lnn .

The second, lower, step function illustrates the iterated harmonic numbers h2(n). The relationship
between h1(k) and ln k, for sufficiently large k, demonstrates that the segment labeled 1

kh1(k)
satisfies

c · 1

k ln k
<

1

kh1(k)
<

1

k ln k
(2)
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for some 0 < c < 1, as shown by the lower curve in Figure 2. These bounds indicate that the second iterated
harmonic series is close to the second iterated natural logarithm.

We would like to define an appropriate generalization of Euler’s constant γ for the jth iterated harmonic
numbers for j ≥ 2. When doing so, we will need to distinguish between hj and lj , a complication that doesn’t
arise when j = 1, since the definitions of hj and lj coincide in that case. We denote the generalization of γ
defined using the generalized harmonic numbers hj as

γj := lim
n→∞

(hj(n)− lnj n) . (3)

We will prove that the limit exists in the next section.

3 Asymptotic estimates for iterated harmonic numbers

In this section we explore the properties of the generalized Euler’s constants γj . In particular we investi-
gate the speed at which the difference between the iterated harmonic numbers and the iterated logarithms
converges to γj .

Theorem 1. For each integer j ≥ 2, hj (n) tends to ∞ at the same rate as the jth iterated logarithm. In
particular we have

hj(n)− lnj n = γj +O

(
1

lnj−1 n

)
,

where O(f(n)) indicates that the right side of the equation differs from the left side by no more than f(n)
times a scaling factor.

This theorem will follow as an immediate corollary of the following two results using the intermediary
functions lj(n). Recall lj (n) was defined by equation (1) to be equal to

∑
a<k≤n

1
k ln k ln2 k··· lnj−1 k for an

appropriate constant a = a(j).

Theorem 2. For each integer j ≥ 2, and n ≥ a(j), there exists a constant γ′
j such that

lj(n)− lnj (n) = γ′
j +

1

2n lnn ln2 n · · · lnj−1 n
+O

(
1

n2 lnn ln2 n · · · lnj−1 n

)
. (4)

Proof. The function f (x) = 1
x ln x ln2 x··· lnj−1 x has antiderivative lnj (x) and satisfies f ′′ (n) = O

(
1

n3 lnn ln2 n··· lnj−1 n

)
.

Apply the Euler summation formula, which calculates differences between close summations and integrals,
to f . See exercises 2 and 6 of section 15.23 of [2].

Theorem 3. For each integer j ≥ 2, hj(n) tends to ∞ at the same rate as the functions lj(n). In particular,
for every j = 2, 3, . . . , there is a constant γ′′

j such that

hj (n)− lj (n) = γ′′
j +O

(
1

lnj−1 n

)
.

Proof. The finding in Theorem 2 that the error in relation (4) is smaller than O( 1
n2 ) implies that the left

side of relation (4) well approximates the γ′
j . We first prove the case when j = 2 and then give a sketch of

the proof for larger j. Fix n and write

h2(n)− l2(n) = h2(1) +

n∑
k=2

(
1

kh1(k)
− 1

k ln k

)
. (5)
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The kth term of the sum above is

1

kh1(k)
− 1

k ln k
=

1

k(ln k +O(1))
− 1

k ln k

=
1

k ln k

(
1

1 +O(1/ ln k)
− 1

)
= O

(
1

k(ln k)2

)
.

The integral test then shows that the sum in (5) converges as n → ∞ and also that its nth partial tail is on
the order of 1

lnn so that the difference between the infinite sum and its nth partial sum is of this order.
To prove Theorem 3 for j > 2, we write a sum analogous to (5) with the initial terms for k < a(j) broken

out, followed by a sum over k ≥ a(j). We then use induction on j and Theorem 2 to replace each term hi(n)
with i < j appearing in the denominators of this sum by lni + O(1). In doing so, we find that each term

of the resulting sum has size O
(

1
k ln k ln2 k··· lnj−2 k(lnj−1 k)2

)
, which again converges by the integral test, with

tails of order O
(

1
lnj−1 n

)
as claimed.

Theorem 1 then follows immediately by writing

hj(n)− lnj n =
(
hj(n)− lj(n)

)
+
(
lj(n)− lnj n

)
and inserting the estimates from Theorems 2 and 3. Thus γj = γ′

j + γ′′
j .

4 Numerical estimates for γ2

Once γ = γ1 = 0.5772156649 . . . had been discovered, the next step was finding accurate approximations
for its numerical value. Euler himself found the values of the first sixteen significant figures of its decimal
expansion in 1736. More than a hundred million of its decimal places had been filled in by 2004 [6].

On the positive side, Theorem 1 establishes the existence of γj for all j = 2, 3, · · · . But on the negative
side, the error term suggests that the analogue of Property 3 converges quite slowly, which makes computing
the numerical values of the constants γj more difficult when j ≥ 2. Nonetheless, we are able to compute the
first 6 digits of the constant γ2 = 0.887118 . . ..

Theorem 4. The constant γ2 is bounded, namely

0.887118507 < γ2 < 0.887118612.

Proof. Our starting point is Franel’s inequality for the size of the nth harmonic number (see for example [9,
Exercise 18, pp. 234–235]),

1

2n
− 1

8n2
< h1(n)− lnn− γ1 <

1

2n
, (6)

which is valid for all n ≥ 1, along with the observation that, for any strictly decreasing function f(x) defined
on the interval [a− 1, n+ 1], we have∫ n+1

a

f(x)dx <

n∑
k=a

f(k) <

∫ n

a−1

f(x)dx, (7)

as depicted in Figure 1 for the function f(x) = 1
x .

First, we fix a bound B for which we are able to compute h2(B) to very high precision. For any n greater
than B we can use Franel’s inequality to bound

h2(n) = h2(B) +

n∑
i=B+1

1

ih1(i)
< h2(B) +

∫ n

B

dx

x(lnx+ γ1 +
1
2x − 1

8x2 )
. (8)
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For convenience we define

F (x) := lnx+ γ1 +
1

2x
− 1

8x2
.

Note that differentiating lnF (x) with respect to x, we have

d

dx
lnF (x) =

1

xF (x)
−
(

1

2x2
− 1

4x3

)
1

F (x)
,

so integrating both sides of this expression from B to n and rearranging gives∫ n

B

1

xF (x)
dx = ln

(
F (x)

)∣∣∣∣n
x=B

+

∫ n

B

(
1

2x2
− 1

4x3

)
1

F (x)
dx

= lnF (n)− lnF (B) +

∫ n

B

(
1

2x2
− 1

4x3

)
1

F (x)
dx. (9)

Since F (x) is monotonically increasing for all x > 0, the final integral in (9) can be bounded from above as∫ n

B

(
1

2x2
− 1

4x3

)
1

F (x)
dx <

1

F (B)

∫ ∞

B

(
1

2x2
− 1

4x3

)
dx

=
1

2BF (B)

(
1− 1

4B

)
. (10)

We also expand the term lnF (n) appearing in (9) as

lnF (n) = ln

(
lnn+ γ1 +

1

2n
− 1

8n2

)
= ln lnn+ ln

(
1 +

1

lnn

(
γ1 +

1

2n
− 1

8n2

))
, (11)

and note the second term above goes to 0 as n → ∞. Inserting (11) and (10) into (9), and that into (8),
yields

h2(n) < ln2 n+ h2(B)− lnF (B) +
1− 1

4B

2BF (B)
+ ln

(
1 +

γ1 +
1
2n − 1

8n2

lnn

)
.

Now, using the definition (3) of γ2 and subtracting ln2 n from both sides above,

γ2 = lim
n→∞

(h2(n)− ln lnn) < h2(B)− lnF (B) +
1

2BF (B)

(
1− 1

4B

)
.

Taking B = 1000000, we compute that h2(1000000) = 3.55384156702 . . . and thus obtain from the expression
above that γ2 < 0.887118612.

For the lower bound we use the upper bounds from (6) and (7) to write

h2(n) = h2(B) +

n∑
i=B+1

1

ih1(i)
> h2(B) +

∫ n+1

B+1

1

x(lnx+ γ1 +
1
2x )

dx

> h2(B) +

∫ n+1

B+1

1

x(lnx+ γ1 +
1

2B+2 )
dx

= h2(B) + ln
(
ln(n+ 1) + γ1 +

1
2B+2

)
− ln

(
ln(B + 1) + γ1 +

1
2B+2

)
. (12)

6



Since
∫

1
x(ln x+A)dx = ln(lnx+A) + C, we can expand the second term of (12) as

ln
(
ln(n+ 1) + γ1 +

1
2B+2

)
= ln2 n+ ln

(
ln(n+1) + γ1 +

1
2B+2

lnn

)
. (13)

As in the upper bound, the last term in (13) goes to 0 as n → ∞, (or alternatively, it is clearly positive and
so it can be dropped from our lower bound). So,

γ2 = lim
n→∞

(h2(n)− ln lnn) > h2(B)− ln

(
ln(B + 1) + γ1 +

1

2B + 2

)
.

Taking again B = 1000000 and using the above computed value of h2(B) we obtain that 0.887118507 <
γ2.

5 Approximating a divergent series with a family of convergent
ones

In reference [3], a convergent series is approached closely by a family of just barely divergent functions. The
motivation for Property 4 and its generalization is explained in [3]. The infinite series

∑
a≤k<∞

1
k ln k ln2 k··· lnj−1 k

is divergent since by relation (1) its partial sums increase boundlessly. However, for each ϵ > 0, the series∑
a≤k<∞

1

k ln k ln2 k · · · lnj−2 k (lnj−1 k)
1+ϵ

converges. Reference [4] contrasts the convergence of
∑∞

k=1
1

k(h1(k))
1+ϵ with the divergence of

∑∞
k=1

1
kh1(k)

.

Its study led us to write the paper. Similar results also hold for iterated harmonic numbers. Indeed, the nth
partial sum of

∑∞
k=1

1
k(h1(k))

is h2(n), and for all j ≥ 2, the infinite series

∞∑
k=1

1

kh1 (k)h2 (k) · · ·hj−1 (k)

is divergent by relation (2). The integral test shows that for each ϵ > 0, the series

∞∑
k=1

1

kh1 (k)h2 (k) · · ·hj−2 (k) (hj−1 (k))
1+ϵ

converges. These pairs of infinite series are closer to each other as j increases, in the sense that 1
n ≫ 1

n lnn ≫
1

n lnn ln2 n ≫ 1
n lnn(ln2 n)1+ϵ ≫ 1

n(lnn)1+ϵ ≫ 1
n1+ϵ where our definition of an ≫ bn is limn→∞

an

bn
= ∞.

The logarithmic examples are composed of transcendental functions while the harmonic examples use only
algebraic functions. The divergent harmonic series have rational partial sums. If we set ϵ = 1, then the
convergent harmonic series also have rational partial sums.

6 The p-adic valuation and proofs of Property 5

We now present several proofs of Property 5, that 1 is the unique integer value of h1(n), which may provide
insights concerning the conjecture that Property 5 extends to hj for every j. Then we study the conjecture
empirically.
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Fix a prime number p. We define the p-adic valuation1 νp on the field of rational numbers by νp(0) = −∞
and for all other rationals a/b we define νp to be r where a/b = pr · a′/b′ with a′, b′ coprime to p. Examples:

ν2(8) = 3, ν2(1/8) = ν2(−5/8) = ν2(−5/56) = ν2(10/112) = −3.

Notice in particular that the p-valuation of a fraction remains the same whether or not that fraction is
reduced. We will make use of an important equality satisfied by every νp. It asserts that

νp(x+ y) = min {νp(x), νp(y)} when νp(x) ̸= νp(y). (14)

We generalize this to

νp(x1 + x2 + · · ·+ xn) = min {νp(x1), . . . , νp(xn)}
when the minimum occurs exactly once. (15)

To see why this is true, we write out the n = 3 case. Without loss of generality, suppose xi = pri ai

bi
, i = 1, 2, 3

with all ai, bi coprime with p, r2 > r1, and r3 > r1. Compute

x1 + x2 + x3 = pr1
a1
b1

+ pr2
a2
b2

+ pr3
a3
b3

=

pr1
a1b2b3 + pr2−r1a2b1b3 + pr3−r1a3b1b2

b1b2b3
.

The denominator is coprime to p. The numerator is congruent mod p to a1b2b3 and hence is also coprime
with p. So νp(x1 + x2 + x3) = r1.

Property 5 was proved by Theisinger in 1915 [12]. Conway and Guy [5, p. 258] present his proof thus:
“Look at the term [of h1(n)] with the highest power of 2 in it. It has nothing with which to pair. So
h1(2), h1(3), h1(4), · · · [using our notation] have odd numerator and even denominator.”

Here is our version of this proof using the language of valuations.
Note that a rational number with a negative 2-valuation cannot be an integer. More precisely, if a rational

number a/b is such that ν2(a/b) = −r < 0 then b is divisible by the even integer 2r. Thus the absolute value
of the denominator remains at least 2, even after writing a/b in reduced form, and a/b is not an integer. So
to prove Property 5, we need only show ν2(h1(n)) < 0 for all n ≥ 2.

Fix n ≥ 2. Choose r maximal so that 2r ≤ n. We note that ν2(
1
2r ) = −r. Also by equation (15),

ν2(h1(n)) = ν2(1 +
1

2
+

1

3
+ · · ·+ 1

2r
+ · · ·+ 1

n
) = −r.

This holds since for each positive integer k = 2ρσ with ρ an integer and σ an odd integer such that
k ∈ [1, n] and k ̸= 2r, the definition of r forces ρ to be less than r. So ν2(

1
k ) = −ρ > −r; the unique term

where the minimum −r occurs is 1
2r .

While the Theisinger proof of Property 5 requires only arithmetic, we also provide a simple and elegant
proof by Kürschák [8] that invokes a number theory result. Since h1(2) =

3
2 is not an integer, we must show

h1(n) to be non-integer for each n ≥ 3. We assume there is an integer h1(n) for some n ≥ 3 and produce
a contradiction. Bertrand’s Postulate asserts that there is always a prime p in (⌊n/2⌋, n] (see [1, pp. 7–10],
for a proof). For that choice of p, reorder the terms of h1(n) to get

h1(n)− 1−
{
1

2
+

1

3
+ · · · 1

p− 1
+

1

p+ 1
+ · · ·+ 1

n

}
=

1

p
(16)

1The literature splits on defining valuation either: as the p-adic norm, |pr · a′/b′|p = p−r except |0|p = 0; or as the convention

we follow, νp(pr · a′/b′) = r except νp(0) = −∞. The norm definition satisfies the triangle inequality, |xy|p ≤ |x|p |y|p, and
the strong triangle inequality, |xy|p ≤ max(|x|p , |y|p). The equality case of the strong triangle inequality is equivalent to

equation (14).
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Every denominator in the parentheses is relatively prime to p. (The smallest integer not relatively prime
to p is 2p.) The curly bracketed quantity has the form a

d where a is an integer and d is relatively prime to

p. Write the left side of equation (16) as (h1(n)− 1) d
d = b

d for an appropriate integer b and equation (16)

becomes b
d = 1

p , or p = d
b . But d has no factor of p, and so uniqueness of factorization is contradicted.

Hence, h1(n) is not an integer for any n ≥ 3. We will now explore the conjecture that Property 5 holds for
hj , j = 2, 3, . . ..

7 A conjecture for j -times iterated harmonic numbers

From the definitions, it is immediate that for each j ≥ 1,

hj (1) = 1.

Conjecture 5. For each integer j ≥ 2, the only jth iterated harmonic number that is an integer is hj (1).

When j = 1, the statement of the conjecture becomes Property 5, which was proved above. The proof
relies on the fact that for all n ≥ 2, reduced h1(n) has an even denominator and so cannot be an integer.
Demonstrating that the denominator of hj(n) is even would prove the conjecture. We present numerical
data for the cases of j = 3 and j = 2. Our computations indicate that the even-denominator property holds
for h3. The case of h2 is different, but our evidence, presented in Table 1, suggests a different argument can
be found here also.

In computing numerical evidence, we restrict interest to the cases of j = 2 and j = 3. Write every

rational number hj (n), j = 2, 3; n = 2, 3, . . . as a reduced ratio of positive integers,
nj(n)
dj(n)

. It suffices to

prove that each such denominator d = dj (n) is at least 2. All the evidence we have accumulated points to
the conjecture’s truth. The rough argument is that the denominators of both h2 (n) and h3 (n) seem to grow
steadily larger as n increases, whereas the failure of the conjecture would have a denominator of 1 occurring.
The proof for the h1 case involved showing that all denominators were even and hence not equal to 1. The
evidence for h3 does not rule out such a proof. The evidence for h2 rules out an even denominator proof.
Nevertheless it suggests many other possible proofs. If positive integer d is divisible by prime p then the
p-valuation of d is max {ν : pν |d}. The p-valuation of d is zero when p does not divide d. Notice that the
proof of Property 5 given above shows that the 2-valuation of the denominator of h1 (n) is ⌊log2 n⌋, where
log2 n denotes the base-2 logarithm of n, the function inverse to base-2 exponentiation.

Numerical evidence when j = 3 : We computed the 2-valuation of the (reduced) denominator of
h3 (n) for n = 1 to 2,000. For n = 1, the 2-valuation is, of course, 0. For n = 2 to n = 11 the 2-valuation
is 2. For n = 12, the 2-valuation is, shockingly, 0. (Nonetheless, h3(12) is not an integer.) From n = 13
through n = 31 the 2-valuation is 3. From n = 32 to n = 2,000, the 2-valuation is always equal to 6.

Numerical evidence when j = 2 : We attempted to calculate the p-valuation for the denominator of
h2 (n) for n = 1 to n = 40,000 for all 46 primes less than 200. We ceased computation when we hit computer
system limits at n = 27,477. The 2-valuation is always 0. The 3-valuation is 1 from n = 2 to n = 53. The
3-valuation then alternates irregularly between 0 and 1. The left panel of Table 1 shows the variation in the
3-valuation of h2 (n) up to n = 27,477.

The 5-valuation is 2 from n = 4 to n = 2,499. The 5-valuation is then 0 from n = 2,500 to n = 2,999.
The 5-valuation is then 1 from n = 3,000 to n = 12,499, and then the 5-valuation remains at 2 through the
end of the run (at n = 27,477).

Of the 43 remaining primes less than 200, all of them enter with non-zero p-valuations as n grows. For
some primes the first non-zero valuation is 1 and in other cases the first non-zero p-valuation is 2. For
example, up to n = 6, the 7-valuation is 0; beginning with n = 6, the 7-valuation is 2 through the end of
the run. Only the 11-valuation exceeds 2 in the run; at n = 848, the 11-valuation of h2 (n) becomes 3 and
remains 3 through the end of the run.

With a single exception among the primes between 7 and 200, once the prime acquires a non-zero p-
valuation, the p-valuation does not decline. At n = 9,323, the 97-valuation returns to 1 (from 2), and
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3-valuation of denom(h2 (n)) 97-valuation of denom(h2 (n))

n 3-valuation n 97-valuation

1 0 1–10 0
2–53 1 11–95 1

54–62 0 96–9,322 2
63–65 1 9,323–9,407 1

66–161 0 9,408–27,477 0
162–188 1
189–197 0

198–1,457 1
1,458–1,700 0
1,701–1,781 1
1,782–4,373 0
4,372–5,102 1
5,103–5,345 0

5,346–27,477 1

Table 1: Selected p-valuations of the denominator of h2 (n). These data were calculated using PARI/GP
[11].

beginning at n = 9,408, the 97-valuation falls to 0 where it remains through the remainder of the run. Thus,
from n = 9,408 through the end of the run (n = 27,477), 2 and 97 are the only primes less than 200 for
which in the denominator of h2 (n) has a p-valuation of zero. The behavior of the 97-valuation is tabulated
in right panel of Table 1.

8 The hyperharmonic numbers of Conway and Guy

As our last topic, we compare our extension of the harmonic numbers with a different sort of extension,
the hyperharmonic numbers of Conway and Guy [5, p. 258]. Conway and Guy denote the sequence of

harmonic numbers {H(1)
n }. They go on to form the sequence of second harmonics defined by H

(2)
n =

H
(1)
1 +H

(1)
2 + · · ·+H

(1)
n , the sequence of third harmonics defined by H

(3)
n = H

(2)
1 +H

(2)
2 + · · ·+H

(2)
n , and

so on.
Conway and Guy do not discuss their motivation. A natural motivation comes from summability of

infinite series. We look at Ernest Cesàro’s sequence of summation methods (C, k), k = 0, 1, 2, . . . . (See

section 5.4 of [7].) Let Σ =
∑∞

i=1 ai be an infinite series. Let A
(1)
n be the sequence of partial sums of the

series, let A
(2)
n = A

(1)
1 +A

(1)
2 + · · ·+A

(1)
n , and A

(3)
n = A

(2)
1 +A

(2)
2 + · · ·+A

(2)
n , and so on.

Obviously the hyperharmonic number H
(k)
n is exactly the number A

(k)
n for the special case where the

original series is specialized to ai =
1
i for all i. However it seems like the motivation goes no deeper. The

next paragraph sketches how the A
(k)
n fit into summability theory.

When limn→∞ A
(1)
n = A(1), say that Σ is (C, 0) summable to A(1); so (C, 0) summability is ordinary

convergence. When limn→∞
A(2)

n

n = A(2), say that Σ is (C, 1) summable to A(2). When limn→∞
A(3)

n

(n+1
2 )

= A(3),

say that Σ is (C, 2) summable to A(3). For i < j,A(i) exists implies A(j) exists and A(j) = A(i). The series
1− 1+ 1− 1+ · · · is not (C, 0) summable, but is (C, 1) summable to 1

2 . The series 1− 2+ 3− 4+ · · · is not
(C, 1) summable, but is (C, 2) summable to 1

4 .
During the twenty year period after the creation of the hyperharmonic numbers, a lot of evidence, both

numerical and theoretical, was piling up in support of the conjecture that 1 was the only hyperharmonic
integer. However, in 2020, Sertbaş identified some very large hyperharmonic integers, the smallest of which

is H
(64(22659−1)+32)
33 [10].
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9 Musings

For each j, the sequence {hj(n)} is increasing in n. For the harmonic numbers and for j = 2 the sequences are
concave, i.e., hj(n+2)−2hj(n+1)+hj(n) < 0 for n = 1, 2, . . . It might be interesting to check monotonicity
in j (for fixed n) and concavity of {hj(n)} for j > 2.

For fixed j, our iterated harmonic numbers hj(n) and the Conway–Guy hyperharmonic numbers H
(j)
n

are sequences of rational numbers tending to infinity. When j = 1, both generalizations coincide with the
harmonic numbers and hence contain no integers larger than 1. The näıve guess that the ever more slowly
increasing sequences hj are more likely to intersect the integers than are the much more rapidly increasing
H(j)—and that this effect increases with increasing j—is revealed as overly simplistic by our computations
and Sertbaş’ example. With respect to the Conjecture 5, we have a feeling that the odd iteration cases all
involve the 2-valuation and may be more like the j = 1 classical case and the even iteration cases may all
be similar to the j = 2 case. In particular, j = 3 may be the easiest of all the open cases.

Comparing Theorems 1 and 2 shows that while hj − γj is indeed an estimator for the jth iterated
logarithm, it is not nearly as good as is lj −γ′

j . The hj are rational but do not give practical approximations
for iterated logarithms.

An infinite list of difficult open questions asks whether the γj are transcendental or, at least, irrational.
This is a well known open question when j = 1 and γ1 = γ′

1 = γ, where γ = .0.5772156649 . . . is Euler’s
constant.

We have not found any direct generalizations of the harmonic numbers other than the Conway-Guy
hyperharmonic numbers and our own iterated harmonic numbers. It would be interesting to see if there have
been other generalizations. One place to look could be among various generalizations of Euler’s constant γ
associated with Stieltjes.
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