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Identify partitions of an integer n with rows of boxes:
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Identify partitions of an integer n with rows of boxes:

5 =
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Identify partitions of an integer n with rows of boxes:

5= 441 = [ 1]
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Identify partitions of an integer n with rows of boxes:

5= 441 =[]11] 342 =
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Identify partitions of an integer n with rows of boxes:

5= 4+1 =[]T1T1] 342 =
34141 =[[1] 24241 =
2414141 = 1+14+14+14+1 =[]
5 =[1TT1T1] -
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Identify partitions of an integer n with rows of boxes:

5= 4+1 =[]T1T1] 342 =
34141 = [ ] 24241 =
2414141 = 1+14+14+14+1 =[]
5 =[1TT1T1] o

Such configuration are called Ferrers boards.
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A partition « contains a partition u if there exist some set of rows and
columns that can be deleted from the ferrers board of a to obtain .
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Partition Patterns

Definition
A partition « contains a partition u if there exist some set of rows and
columns that can be deleted from the ferrers board of o to obtain p.

Example: o = (6,5,5,5,4,4,2,2) contains i = (4,3,3,2,2) since we can
delete the rows and columns in red and get pu.

M:
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Partition Patterns

Definition
A partition « contains a partition u if there exist some set of rows and
columns that can be deleted from the ferrers board of o to obtain p.

Example: o = (6,5,5,5,4,4,2,2) contains i = (4,3,3,2,2) since we can
delete the rows and columns in red and get pu.

M:

We will refer to a fixed partition p as a pattern.
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We say a partition « avoids a partition p if it does not contain it. I
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We say a partition « avoids a partition p if it does not contain it. I

Example: o = (4,2,2,2) avoids . = (3,2, 1) since there is no way to
obtain p by deleting rows/columns.

o= [ ] =

~ NathanMcNew  Pattern Avoiding Partitions March 7th, 2020 4



Pattern Avoidance

Definition
We say a partition « avoids a partition p if it does not contain it.

Example: a = (4,2,2,2) avoids i = (3,2, 1) since there is no way to
obtain p by deleting rows/columns.

We define Av,(u) to be the set of all py-avoiding partitions of n > 0 and set

Av(s2) = | Ava(n).

n>0
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Motivating Question: For a fixed pattern p, what can we say about the
sequence

|AV1(N)|7 |AV2(/'L)|7 |AV3(/'L)|’ s ?
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Motivating Question: For a fixed pattern p, what can we say about the
sequence

|AV1(N)|7 |AV2(IU)|7 |AV3(/'L)|v s ?

We investigate the generating function

Au(z) = 3 [Ava(i)|2",

n>0
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Sequences

Motivating Question: For a fixed pattern u, what can we say about the

sequence
[Avi(p)], [Ava(p)], |Avs(p)], ... 7

We investigate the generating function

Au(2) =3 |Ava(p) 2",

n>0

as well as the asymptotic growth rate of |Av,(u)]|.
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Start with a few trivial cases:
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Start with a few trivial cases:
o pn={(1).
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Start with a few trivial cases:

e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(p) = 0 for all n.
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Start with a few trivial cases:

e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(p) = 0 for all n.

° u:(2):|:|:|.
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Start with a few trivial cases:

e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(p) = 0 for all n.

e 1= (2) =L Any partition A with \; > 1 contains p.
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Simple cases

Start with a few trivial cases:
e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.
e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.
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Simple cases

Start with a few trivial cases:
e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.
e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.
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Simple cases

Start with a few trivial cases:
e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.
e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.

-

So Avp(p) =1, Au(z)

—
|
N
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Simple cases

Start with a few trivial cases:

e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.

e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.

So Ava(p) =1, Au(z) = 135
e n=(1,1)= E
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Simple cases

Start with a few trivial cases:
e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.
e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.

So Avp(pu) =1, Au(z) = %

1-z-

p=(1,1)= E Any partition )\ at least 2 parts contains .
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Simple cases

Start with a few trivial cases:
e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.
e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.

So Ava(p) =1, Au(z) = 135

e n=(1,1)= E Any partition \ at least 2 parts contains u. The only

partition of size n avoiding p is n = n.
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Simple cases

Start with a few trivial cases:

e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.

e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.

So Ava(p) =1, Au(z) = 135

e n=(1,1)= E Any partition \ at least 2 parts contains u. The only

partition of size n avoiding p is n = n.

[LITT]
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Simple cases

Start with a few trivial cases:
e 1= (1). Every partition contains u (Delete all rows after the first and
all columns after the first. So Av,(u) = 0 for all n.
e 1= (2) =[] Any partition A with A\; > 1 contains . The only
partition of size n avoiding pisn=1+1+---1.

So Avp(pu) =1, Au(z) = %

1-z-

e n=(1,1)= E Any partition \ at least 2 parts contains u. The only

partition of size n avoiding p is n = n.

[LITT]
So Avy(pu) =1, Au(z) = 2

1-z-
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p=(2,1) =11
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p=(2,1) =11

Any partition having two distinct part sizes will contain .
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p=(2,1) =11

Any partition having two distinct part sizes will contain .

Av,,((2, 1)) contains all of the partitions of n having at most one part size.
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p=(2,1) =11

Any partition having two distinct part sizes will contain .
Av,,((2, 1)) contains all of the partitions of n having at most one part size.

Rectangles!
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One more example

pw=(2,1)=]1

Any partition having two distinct part sizes will contain p.

Av,((2,1)) contains all of the partitions of n having at most one part size.

Rectangles!

How many rectangles have size n?
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One more example

pw=(2,1)=]1

Any partition having two distinct part sizes will contain p.

Av,((2,1)) contains all of the partitions of n having at most one part size.

Rectangles!

How many rectangles have size n? One for each divisor... Let o¢(n) be the
number of divisors of n, then

Avn((2,1)) = oo(n)

1,2,2,3,2,4,2,4,3,4,...
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Notice that |Av,(2)| = |Av,(1,1)| =1 for all n > 1.
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Notice that |Av,(2)| = |Av,(1,1)| =1 for all n > 1.

Patterns p and 7 are Wilf equivalent if |Av,(u)| = |Av,(7)| for all n > 1. I
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Notice that |Av,(2)| = |Av,(1,1)| =1 for all n > 1.

Patterns p and 7 are Wilf equivalent if |Av,(u)| = |Av,(7)| for all n > 1. I

(2) and (1,1) are Wilf equivalent.

 NaanMeNew " Pattem Avoiding Partitions March 7th, 2020 8



Notice that |Av,(2)| = |Av,(1,1)| =1 for all n > 1.

Patterns p and 7 are Wilf equivalent if |Av,(u)| = |Av,(7)| for all n > 1. I

(2) and (1,1) are Wilf equivalent.

No other pattern is Wilf equivalent to (2,1).
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Wilf classes for n = 6:
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Question: How many configurations of k non-attacking rooks can be
placed on a Ferrers board?
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Question: How many configurations of k non-attacking rooks can be
placed on a Ferrers board?

EE_I_I TIEL] [LTIE

= =]
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Rook Theory

Question: How many configurations of k non-attacking rooks can be
placed on a Ferrers board?

B [ ] B

5 -

&
X

Definition

For any partition p € P we define its rook polynomial to be

R.(q) = Z(# of k rook-configurations on )g*
k>0
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Rook Theory

Question: How many configurations of k non-attacking rooks can be
placed on a Ferrers board?

B [ ] B

E]

Definition

For any partition p € P we define its rook polynomial to be

R.(q) = Z(# of k rook-configurations on )g*
k>0

For example:
Ra2)(q) =1+
Nathan McNew
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Rook Theory

Question: How many configurations of k non-attacking rooks can be
placed on a Ferrers board?

B [ ] B

E]

Definition

For any partition p € P we define its rook polynomial to be

R.(q) = Z(# of k rook-configurations on )g*
k>0

For example:
Ra2)(q) =1+6q+
Nathan McNew

Pattern Avoiding Partitions March 7th, 2020
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Rook Theory

Question: How many configurations of k non-attacking rooks can be
placed on a Ferrers board?

B [ ] B

E]

Definition

For any partition p € P we define its rook polynomial to be

R.(q) = Z(# of k rook-configurations on )g*
k>0

For example:
Ra2)(q) =1+ 6q + 64°
Nathan McNew

Pattern Avoiding Partitions March 7th, 2020
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Two partitions u, 7 € P are rook equivalent if

Ru(q) = R-(q)

i.e., they admit the same number of k-configurations.
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Rook classes for n = 6:

1+6q+6g°

TSR
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Rook classes for n = 6:
1+6q+6g°

TSR

1+ 6q + 4q° 1+ 6q 1+6qg+7¢°+q°

H:EEDE:I EEEEEE _JII
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Rook classes for n = 6:
1+6q+6g°

TSR

1+ 6q + 4q° 1+ 6q 1+6qg+7¢°+q°

H:EEDE:I EEEEEE _JII

Exactly the same as the Wilf classes!
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R.(q) = R (q) <= |Ava(p)| = |Ava(T)| for all n.
N\ / N\ -

TV
rook equivalence Wilf equivalence
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R.(q) = R (q) <= |Ava(p)| = |Ava(T)| for all n.
N\ / N\ -

TV
rook equivalence Wilf equivalence

A partition is called strict if it has distinct parts. I
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Wilf and Rook Equivalence

Theorem (Bloom & Saracino (2018))

R.(q) = R (q) <= |Ava(u)| = |Ava(7)]| for all n.
—_——————

rook equivalence Wilf equivalence

Definition
A partition is called strict if it has distinct parts.

]

BEiae i

x
\
x
(strict) (not strict)

Theorem (Foata & Schiitzenberger)

Every rook class contains exactly one strict partition.
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Wilf and Rook Equivalence

Theorem (Bloom & Saracino (2018))

R.(q) = R (q) <= |Ava(u)| = |Ava(7)]| for all n.
—_——————

rook equivalence Wilf equivalence

Definition
A partition is called strict if it has distinct parts.

1]

EEH:DI ]

x
\
x
(strict) (not strict)

Theorem (Foata & Schiitzenberger)

Every rook class contains exactly one strict partition.
We can restrict our attention (without loss of generality) to strict patterns.
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Lets consider the partitions avoiding = (3,1).
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Lets consider the partitions avoiding = (3,1). aEE
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Lets consider the partitions avoiding = (3,1). aEE

e All partitions having only one distinct size (rectangles) avoid p.
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Lets consider the partitions avoiding = (3,1). aEE

e All partitions having only one distinct size (rectangles) avoid p.
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The pattern (3,1)

Lets consider the partitions avoiding 1 = (3,1). anm

e All partitions having only one distinct size (rectangles) avoid p.

e A partition avoiding 1 can have two distinct part sizes, so long as
those parts differ by at most one.
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The pattern (3,1)

Lets consider the partitions avoiding 1 = (3,1). anm

e All partitions having only one distinct size (rectangles) avoid p.

e A partition avoiding 1 can have two distinct part sizes, so long as
those parts differ by at most one.
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Fix n > 1.
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Fix n > 1. Count representations of this shape.
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Fix n > 1. Count representations of this shape.

Pick a height 1 < h < n.
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Fix n > 1. Count representations of this shape.

Pick a height 1 < h < n. Using the division algorithm write

n=hqg+r 0<r<h
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Counting partitions avoiding (3,1)

Fix n > 1. Count representations of this shape.

Pick a height 1 < h < n. Using the division algorithm write
n=hqg+r 0<r<h

The values h, g and r uniquely describe the height and width of the large
rectangle, and height of the last column, respectively.
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Counting partitions avoiding (3,1)

Fix n > 1. Count representations of this shape.

Pick a height 1 < h < n. Using the division algorithm write
n=hqg+r 0<r<h

The values h, g and r uniquely describe the height and width of the large
rectangle, and height of the last column, respectively.

A choice of h uniquely determines the shape, one for each value of h,
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Counting partitions avoiding (3,1)

Fix n > 1. Count representations of this shape.

Pick a height 1 < h < n. Using the division algorithm write
n=hqg+r 0<r<h

The values h, g and r uniquely describe the height and width of the large
rectangle, and height of the last column, respectively.

A choice of h uniquely determines the shape, one for each value of h, so

Av,((3,1))|=n
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Counting partitions avoiding (3,1)

Fix n > 1. Count representations of this shape.

Pick a height 1 < h < n. Using the division algorithm write
n=hqg+r 0<r<h

The values h, g and r uniquely describe the height and width of the large
rectangle, and height of the last column, respectively.

A choice of h uniquely determines the shape, one for each value of h, so

V4

AVA((3,1))] = n Aan(?) = 7=

Nathan McNew Pattern Avoiding Partitions March 7th, 2020 15
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Notice |Av,((3,1))| = n is well behaved, while |Av,((2,1))| = oo(n) is not.
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Notice |Av,((3,1))| = n is well behaved, while |Av,((2,1))| = oo(n) is not.

A partition p is super-strict, if any two parts differ by at least 2. I
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Notice |Av,((3,1))| = n is well behaved, while |Av,((2,1))| = oo(n) is not.

A partition p is super-strict, if any two parts differ by at least 2. I

(strict but not super-strict) (super-strict)
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Notice |Av,((3,1))| = n is well behaved, while |Av,((2,1))| = oo(n) is not.

A partition p is super-strict, if any two parts differ by at least 2. '

(strict but not super-strict) (super-strict)

Let ;i be super-strict. Then A,(z) is rational
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New results

Notice |Av,((3,1))| = n is well behaved, while [Av,((2,1))| = ao(n) is not.

Definition
A partition p is super-strict, if any two parts differ by at least 2.

[TT11 [TTT1
[TT] [

(strict but not super-strict) (super-strict)

Theorem (Bloom & McNew (2019))

Let ;v be super-strict. Then A,(z) is rational and there exists a recursive
algorithm to compute this generating function.
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Data

,u Au(z) OEIS

(2) - A000012
(3) il ) A004526
(3.1) Ty A000027
(4) =i iy | A001399
41) % A117142
(4,2) % A033638
(5) | aoa o az | A001400
(5.1) (22(124ZZZ+IZ3—2~_JZr—z’_Jlr)1 Al117143
(5.2) (2 )% %;:S (t§+_211:)l A136185
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The pattern © = (5,2) has a surprising connection to group theory.
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The pattern © = (5,2) has a surprising connection to group theory.

A group G is said to be a metacyclic if there exists a cyclic normal
subgroup N such that G/N is cyclic.
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A Coincidence?

The pattern = (5,2) has a surprising connection to group theory.

A group G is said to be a metacyclic if there exists a cyclic normal
subgroup N such that G/N is cyclic.

Liedahl enumerates metacyclic p-groups and finds that for an odd prime p
the number of such groups of order p” is given by the generating function

—2(z" =254+ 24+ 22 -z-1)
(z=1*z+1)?*(z°+z+1)

G(z) =
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A Coincidence?

The pattern = (5,2) has a surprising connection to group theory.

A group G is said to be a metacyclic if there exists a cyclic normal
subgroup N such that G/N is cyclic.

Liedahl enumerates metacyclic p-groups and finds that for an odd prime p
the number of such groups of order p” is given by the generating function

—2(z" =254+ 24+ 22 -z-1)
(z=1*z+1)?*(z°+z+1)

G(z) =

Note A(572)(Z) = G(Z)
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A Coincidence?

The pattern = (5,2) has a surprising connection to group theory.

A group G is said to be a metacyclic if there exists a cyclic normal
subgroup N such that G/N is cyclic.

Liedahl enumerates metacyclic p-groups and finds that for an odd prime p
the number of such groups of order p” is given by the generating function

—2(z" =254+ 24+ 22 -z-1)
(z=1*z+1)?*(z°+z+1)

G(z) =

Note A(s2)(z) = G(z). A coincidence?
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We have
|Av,((1))| =0, |Av,((2))] =1,
|AVn ((27 1))| = 0'0("), |AVn ((3))| = [g = g + O(l),
|Av,,((3, 1))| =n, |Avp, ((3,2))| =nlogn+ (2y=2)n+ O (n%> .
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Fix k > 1 and let p = (k+ 1, k,...,1) be a staircase.

 NaanMeNew " Pattem Avoiding Partitions March 7th, 2020 20



Fix k > 1 and let p = (k+ 1, k,...,1) be a staircase. = |

 NaanMeNew " Pattem Avoiding Partitions March 7th, 2020 20



Fix k > 1 and let p = (k+ 1, k,...,1) be a staircase. b= =
ao(n) k=1 0
|Avia(p)] ~
’ mak—l(n) loghkn k>2
where o (n) = Ed|n d.
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A few new results — asymptotics

Theorem (Bloom & McNew (2019))

Fix k> 1 and let y = (k+ 1, k,...,1) be a staircase. W= u
oo(n) k=1 m
|Avn(u)~{ 1 T
k!(k—1)!¢(k)‘7k—1(”) og n &

where o (n) =>4, dk.

Proof ldea: Use results of Andrews, Estermann, and Johnson for
representations of n as the sum of k products

k
n= E XiYi-
i=1
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A few new results — asymptotics

Theorem (Bloom & McNew (2019))

Suppose i is a strict partition of the form

,u,:(k+1,k,...,k—£+1,a0,al,...)

staircase shape
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A few new results — asymptotics

Theorem (Bloom & McNew (2019))

Suppose i is a strict partition of the form

,u,:(k+1,k,...,k—€+1,ao,al,...)

staircase shape

with k—¢ > ag. So k—{ is the largest part size omitted.
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A few new results — asymptotics

Theorem (Bloom & McNew (2019))

Suppose i is a strict partition of the form

,u:(k+1,k,...,k—£+1,ao,al,...)

staircase shape

with k—¢ > ag. So k—{ is the largest part size omitted.

w/ k—{¢=5
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A few new results — asymptotics

Theorem (Bloom & McNew (2019))

Suppose i is a strict partition of the form

,u:(k+1,k,...,k—£+1,ao,al,...)

staircase shape

with k—¢ > ag. So k—{ is the largest part size omitted.

w/ k—{¢=5

Then
n*1log’ n

Ok =TS (k= £ —a;—j)

|Ava(p)| ~
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If p is strict with iy — po =1 and pp > 0 then A,(z) is not algebraic. I
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If p is strict with iy — po =1 and pp > 0 then A,(z) is not algebraic. I

If p is strict but not super-strict then A,(z) is not algebraic.

 NaanMeNew " Pattem Avoiding Partitions e i, G 22



The southeast border of u is the lattice path consisting of the “east” and
“north+east” steps tracing along the bottom /right of u.
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Super-strictness and rationality

Definition
The southeast border of u is the lattice path consisting of the “east” and
“north+-east” steps tracing along the bottom/right of u.

Note: We ignore the the initial “east” and final “north” steps when
writing down the border.
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Super-strictness and rationality

Definition
The southeast border of u is the lattice path consisting of the “east” and
“north+-east” steps tracing along the bottom/right of u.

Note: We ignore the the initial “east” and final “north” steps when
writing down the border.

For example:

= [ [ 1+ (e, e, ne, ne,e,e)
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Super-strictness and rationality

Definition
The southeast border of u is the lattice path consisting of the “east” and
“north+-east” steps tracing along the bottom/right of u.

Note: We ignore the the initial “east” and final “north” steps when
writing down the border.

For example:

= [ [ 1+ (e, e, ne, ne,e,e)

% A super-strict partition has no consecutive “north+-east” steps.

Nathan McNew Pattern Avoiding Partitions March 7th, 2020 23



Define the bivariate generating function

Az, )= > Zllem(@),
acAv(p)
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Define the bivariate generating function

Az, )= > Zllem(@),
acAv(p)

where t marks the height of the rightmost column of a.

 NaanMeNew " Pattem Avoiding Partitions ok,



Define the bivariate generating function
Az, )= > Zllem(@),
acAv(u)

where t marks the height of the rightmost column of a. So

Au(z) = Au(z,1).
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Super-strictness and rationality

Define the bivariate generating function
Au(z,t) = Z z\altm(a)7
acAv(u)

where t marks the height of the rightmost column of a. So

Au(z) = Au(z,1).

Theorem (Bloom & McNew (2019))
Let u be super-strict with southeast border (bi, ..., bk).
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Super-strictness and rationality

Define the bivariate generating function
Au(z,t) = Z z\altm(a)7
acAv(u)

where t marks the height of the rightmost column of a. So

Au(z) = Au(z,1).

Theorem (Bloom & McNew (2019))

Let u be super-strict with southeast border (bs, ..., bx). Then there exists
operators £ and N so that if

E ifbj=ce
o =
{N if b; = ne,
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Super-strictness and rationality

Define the bivariate generating function

Az, t) = Z Zlal gm(@)

acAv(u)

where t marks the height of the rightmost column of a. So

Au(z) = Au(z,1).

Theorem (Bloom & McNew (2019))

Let u be super-strict with southeast border (by, .
operators £ and N so that if

E ifbj=ce
o =
{N if b; = ne,

thenAu(z,t):@km--o@zo@l( zt )

1—zt

.., bk). Then there exists
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For any bivariate GF G(z, t) Z Z an,mz"t™ we define:
n>1m>0
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For any bivariate GF G(z, t) Z Z an,mz"t™ we define:
n>1 m>0

G(z,1) — ztG(z, zt)

EG(z,t) = T
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Super-strictness and rationality
For any bivariate GF G(z, t) Z Z anmz"t™ we define:
n>1m>0

G(z,1) — ztG(z, zt)
1—2zt

EG(z,t) =

and

NG(2,) = 62,00+ 3 anm (1 _1Zm> (1 1‘_(’-“2’")

n>1m>1
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Super-strictness and rationality
For any bivariate GF G(z, t) Z Z anmz"t™ we define:
n>1m>0

G(z,1) — ztG(z, zt)
1—2zt

EG(z,t) =

and

NG(2,) = 62,00+ 3 anm (1 _1Zm> (1 1‘_(’-“2’")

n>1m>1

“Proof”:
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Super-strictness and rationality

For any bivariate GF G(z, t) Z Z anmz"t™ we define:
n>1 m>0

G(z,1) — ztG(z, zt)

EG(z,t) = T

and

NG(2,) = 62,00+ 3 anm (1 _1Zm> (1 1‘_(’-“2’")

n>1m>1

“Proof”:

e £ is "natural” and preserves rationality.
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Super-strictness and rationality
For any bivariate GF G(z, t) Z Z anmz"t™ we define:
n>1m>0

G(z,1) — ztG(z, zt)
1—2zt

EG(z,t) =

and

NG(2,) = 62,00+ 3 anm (1 _1Zm> (1 1‘_(’-“2’")

n>1m>1

“Proof”:
e £ is "natural” and preserves rationality.
e N is NOT natural, but...
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Super-strictness and rationality

For any bivariate GF G(z, t) Z Z anmz"t™ we define:
n>1 m>0

G(z,1) — ztG(z, zt)

8G(Z, t) = 1— 7t
and
1 1 —(tz m n
NG(z,6)=G(2,0)+ > > anm <1—z’"> ( — ) |
n>1m>1
“Proof”:

e £ is "natural” and preserves rationality.
e N is NOT natural, but...

% if u is super-strict, (no consecutive N's) then rationality
preserved
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Thank Youl
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