Nathan McNew

Towson University

Joint Mathematics Meetings

Denver, Colorado
January 20th, 2020
~ NathanMcNew  PrimitiveSets

0> A« F>r «=)r « =)

January 18th, 2020

DA

1



A set S C N is primitive if no element of the set divides another: if
m,n € S are distinct then m { n.
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m,n € S are distinct then m { n.
Examples:

A set S C N is primitive if no element of the set divides another: if

@ Prime numbers P = {2,3,5,...}.
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m,n € S are distinct then m { n.
Examples:

A set S C N is primitive if no element of the set divides another: if

@ Prime numbers P = {2,3,5,...}.

@ Integers with exactly k prime factors, Pk.
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A set S C N is primitive if no element of the set divides another: if
m,n € S are distinct then m { n.
Examples:

@ Prime numbers P = {2,3,5,...}.

@ Integers with exactly k prime factors, Pk.
P> =1{4,6,9,10,14,15,21,22 ...},
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Primitive Sets

Definition
A set S C N is primitive if no element of the set divides another: if
m,n € S are distinct then m { n.

Examples:
@ Prime numbers P = {2,3,5,...}.

@ Integers with exactly k prime factors, Pk.
P> = {4, 6,9,10,14,15,21,22, .. }
(] Po = {1}
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Primitive sets exist with counting function asymptotic to

X
(log log x)1+e *
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Primitive sets exist with counting function asymptotic to

X
(log log x)1+e *

Compare this to the primes (counting function asymptotic to @)
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Large primitive sets

Theorem (Ahlswede, Khatchatrian, Sarkozy, 1999)

Primitive sets exist with counting function asymptotic to W.

Compare this to the primes (counting function asymptotic to é)

If we restrict to primitive subsets of {1,2,...n} then the set
{LgJ +1,.. ”} is primitive, and has size LgJ
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Large primitive sets

Theorem (Ahlswede, Khatchatrian, Sarkozy, 1999)

Primitive sets exist with counting function asymptotic to W.

Compare this to the primes (counting function asymptotic to é)

If we restrict to primitive subsets of {1,2,...n} then the set
{[2] +1,...n} is primitive, and has size |2|. (Best possible)
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What do primitive subsets of the first few integers look like?
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What do primitive subsets of the first few integers look like?

n| primitive subsets of {1,2...n} | count
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What do primitive subsets of the first few integers look like?

n|

primitive subsets of {1,2...n}
L]

| count
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What do primitive subsets of the first few integers look like?
n|
L]

primitive subsets of {1,2...n}

{+ {1}
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What do primitive subsets of the first few integers look like?
n|
L]

primitive subsets of {1,2...n}

{+ {1}
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What do primitive subsets of the first few integers look like?

N |3

primitive subsets of {1,2...n}
{1 {1}
{+ {11 {2}
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What do primitive subsets of the first few integers look like?

N |3

primitive subsets of {1,2...n}
{1 {1}
{+ {11 {2}
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What do primitive subsets of the first few integers look like?

n| primitive subsets of {1,2...n} | count
1 {3 {1} 2
2 {3 {1}, {2} 3
3 {3 {11.{2}.{3}.{2,3}
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What do primitive subsets of the first few integers look like?

n| primitive subsets of {1,2...n} | count
1 {3 {1} 2
2 {3 {1}, {2} 3
3 {3 {11.{2}.{3}.{2,3} 5
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Finite primitive sets

What do primitive subsets of the first few integers look like?

Nathan McNew

Primitive Sets

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {1 {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4}
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Finite primitive sets

What do primitive subsets of the first few integers look like?

Nathan McNew

Primitive Sets

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {1 {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4} 7
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Finite primitive sets

What do primitive subsets of the first few integers look like?

Nathan McNew

Primitive Sets

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {+ {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4} 7
5 | {3 {1),{2},{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2, 3,5}, {4,5}.{3,4,5}
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Finite primitive sets

What do primitive subsets of the first few integers look like?

Nathan McNew

Primitive Sets

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {+ {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4} 7
5 | {3 {1),{2},{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2, 3,5}, {4,5}.{3,4,5} 13
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Finite primitive sets

What do primitive subsets of the first few integers look like?
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Primitive Sets

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {+ {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4} 7
5 | {3 {13,{2},{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2, 3,5}, {4,5}.{3,4,5} 13
6
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Finite primitive sets

What do primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {+ {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4} 7
5 | {3 {13,{2},{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2, 3,5}, {4,5}.{3,4,5} 13
6 17
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Finite primitive sets

What do primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {1 {1} 2
2 {+ {1}, {2} 3
3 {1 {11,{2},{3}.{2,3} 5
4 {h {15{25,{31.{2,3}, {4}.{3, 4} 7
5 | {3 {13,{2},{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2, 3,5}, {4,5}.{3,4,5} 13
6 17

How many primitive subsets of {1,2...n} are there?
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Let Q(n) count the primitive sets with largest element at most n.
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Counting primitive sets

Let Q(n) count the primitive sets with largest element at most n.

AD51026 Number of primitive subsequences of {1, 2, ..., n}. ]
1, 2, 3, 5, 7, 13, 17, 33, 45, 73, 103, 205, 253, 505, 733, 1133, 1529, 3057, 3897,
7793, 19241, 16513, 24593, 48185, 59265, 109297, 163369, 262489, 355729, 711457, 879937,
1759873, 2360641, 3008545, 5858113, 10534337, 127091537, 25483073, 38090337, 63299265,
21044097, 162088193, 205482593, 410965185, 570487233, 855676353 (list; graph; refs; listen; history; text;
internal format)
OFFSET Q6,2

COMMENTS a(n) counts all subsequences of {1, ..., n} in which no term divides any
other. If n is a prime a(n) = 2%a(n-1)-1 because for each subseguence s
counted by a(n-1) two different subsequences are counted by a(n): s and
s,n. There is only one exception: 1,n is not a primitive subsequence
because 1 divides n. For all n=1: a(n) < 2*a(n-1). - Alois P. Heinz, Mar
07 2011

=] = = E =
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Bounds
Cameron and Erdés considered the function Q(n) in 1990.
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.

(Almost) trivially:

(V2)" < Q(n) <2

[m] = = = = C
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.

(Almost) trivially:

(V2)" < Q(n) <2

Every subset of (g, n} is primitive. There are 2/21 > V2" such subsets.
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Nathan McNew Primitive Sets January 18th, 2020 6



Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"
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Cameron and Erdés (1990) improve these bounds to:
1.5596" < Q(n) < 1.60"

Conjecture: lim Q(n)Y/" exists.
n—o0
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Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"
Conjecture: lim Q(n)Y/" exists.
n—o0

The limit lim Q(n)Y/" exists.
n—o0
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Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"
Conjecture: lim Q(n)Y/" exists.
n—o0

The limit lim Q(n)Y/" exists. Equivalently, Q(n) = ¢t
n—o0
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Bounds

Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"

1/n

Conjecture: lim Q(n)™" exists.

n—o0o

Theorem (Angelo, 2017)

The limit lim Q(n)Y" exists. Equivalently, Q(n) = c"t°().
n—o0

Proof is not effective: Gives no insight on the value of this constant.
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Finite primitive sets as independent vertex sets

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.
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Finite primitive sets as independent vertex sets

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.

Independent subsets of a divisor graph are primitive sets of integers.
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Finite primitive sets as independent vertex sets

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.

Independent subsets of a divisor graph are primitive sets of integers.
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Finite primitive sets as independent vertex sets

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.

Independent subsets of a divisor graph are primitive sets of integers.
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Finite primitive sets as independent vertex sets

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.

Independent subsets of a divisor graph are primitive sets of integers.
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Finite primitive sets as independent vertex sets

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.

Independent subsets of a divisor graph are primitive sets of integers.

24
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There exists an algorithm that can compute

c= lim Q(n)V/"

n—o00

to arbitrary precision
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There exists an algorithm that can compute

c= lim Q(n)V/"

n—o00

to arbitrary precision 1.5729 < ¢ < 1.5745.
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Approximating Q(n)

Theorem
There exists an algorithm that can compute

c= lim Q(n)Y/"

n—oo

to arbitrary precision 1.5729 < ¢ < 1.5745. Furthermore, for e > 0

Q(n) _ Cn(1+0<exp(f\/(%fe) log nlog Iogn)))
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Approximating Q(n)

Theorem
There exists an algorithm that can compute

c= lim Q(n)Y/"

n—oo

to arbitrary precision 1.5729 < ¢ < 1.5745. Furthermore, for e > 0

Q(n) _ Cn(1+0<exp(f\/(%fe) log nlog Iogn)))

or 1
lo n) = n( log(c)+ O :
gQ( ) < g( )+ (e\/(ée)lognloglogn)>
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Approximating Q(n)

Theorem
There exists an algorithm that can compute

c= lim Q(n)Y/"

n—oo

to arbitrary precision 1.5729 < ¢ < 1.5745. Furthermore, for e > 0

Q(n) _ Cn(1+0<exp(f\/(%fe) log nlog Iogn)))

or 1
lo n) = n( log(c)+ O :
gQ( ) < g( )+ (e\/(ée)lognloglogn)>

Proof:
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Approximating Q(n)

Theorem
There exists an algorithm that can compute

c= lim Q(n)Y/"

n—oo

to arbitrary precision 1.5729 < ¢ < 1.5745. Furthermore, for e > 0

Q(n) _ Cn(1+0<exp(f\/(%fe) log nlog Iogn)))

or 1
lo n) = n( log(c)+ O :
gQ( ) < g( )+ (e\/(ée)lognloglogn)>

Proof: Graphs, and smooth number estimates.
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Numerical Bound

. B2 Opened 5 months ago
#‘24‘4}8 closed defect (‘fD(Ed} p4 Closed 4 months ago
Doctest: bug numerical_approx(2/(450232897/4888643760))
Reported by: vdelecroix
Priority: major Milestone: et
Component symbaolics Keywords bug
Ce: rws
Authors: Ralf Stephan Reviewers Jeroen Demeyer
Report Upstream N/A
Branch: (Commits) Commit: B21f7d9f3568316bc0bBb1f5619bce...
Description (last modified by vdelecroix) A
sage: numerical_ approx(2/(450232897/4888643760))
RuntimeError Traceback (most recent call last)
<ipython-input-2-3cde3@ac@2cl> in <module>()
----> 1 numerical_approx(Integer(2)**(Integer(450232897)/Integer (4883643760)))
fopt/sage/local/lib/python2.7/site-packages/sage/misc/functional.pyc in numerical_apj
1406 return numerical_approx_generic(x, prec)
1ADT Alen-
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A general theorem

Theorem (M., 2019)

Fix e >0, A > 0. Suppose f(k, n) depends only on the connected
component of k in the divisor graph of [k, n] and |f(k,n)| < A. Then

; f(a, n) = nCs + Ox (neXp <—\/(%—e) log nlog log n))

where
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The largest primitive subsets of the interval [1, n] have size [2].
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Other Applications: Maximum Primitive Subsets

The largest primitive subsets of the interval [1, n] have size [2].

Let M(n) count the primitive subsets of {1,...n} of size [2].
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Other Applications: Maximum Primitive Subsets

The largest primitive subsets of the interval [1, n] have size [2].

Let M(n) count the primitive subsets of {1,...n} of size [2].

Theorem (Vijay, 2018)
1.1417 < M(n) < 1.187"
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Other Applications: Maximum Primitive Subsets

The largest primitive subsets of the interval [1, n] have size [2].

Let M(n) count the primitive subsets of {1,...n} of size [2].

Theorem (Vijay, 2018)
1.1417 < M(n) < 1.187"

Theorem (Liu, Pach, Palincza, 2018)
M(n) = a™°(" as n — oo and 1.14817 < a < 1.14823.
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Other Applications: Maximum Primitive Subsets

The largest primitive subsets of the interval [1, n] have size [2].

Let M(n) count the primitive subsets of {1,...n} of size [2].

Theorem (Vijay, 2018)
1.1417 < M(n) < 1.187"

Theorem (Liu, Pach, Palincza, 2018)
M(n) = a™°(" as n — oo and 1.14817 < a < 1.14823.

Theorem (M., 2019)

M(n) = o (1+0(ew(=y/(5-<)tognloglogn) ) 11 14819 < @,
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].

Theorem

m(n) = g"(1r0(ee(=y/ (- tesniogtosn))) 11 9125 < 5 < 1.2400.
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].

Theorem

m(n) = gr(+o(ee(=y/ (G- rantosieen)) 219125 < g < 1.2409.

Corollary

Let V(n) denote the median size of primitive subsets of [1,n]. Then

0.1681n < V(n) < 0.3918n
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].

Theorem

m(n) = gr(+o(ee(=y/ (G- rantosieen)) 219125 < g < 1.2409.

Corollary

Let V(n) denote the median size of primitive subsets of [1,n]. Then

0.1681n < V(n) < 0.3918n

Question

Is V/(n) ~ vn for some v? If so, is v.computable?
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4

<

January 18th, 2020

14



Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is <

n

logn®
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Path covers of the divisor graph

Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is < =

logn®

Let C(n) be the least number of disjoint paths that contain all the
vertices of this graph.
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Path covers of the divisor graph

Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is < =

logn®

Let C(n) be the least number of disjoint paths that contain all the
vertices of this graph.

Example: C(7) =2 @‘
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Path covers of the divisor graph

Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is < =

logn®

Let C(n) be the least number of disjoint paths that contain all the
vertices of this graph.

(2)
Example: C(7) =2 @"g
The divisor graph of [1,7] can be (1)—3)
covered by {7,1,5} and {3,6,2,4} but (5) (D

it is not possible to use a single path.
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Bounds on the path cover number C(n) have improved over time.
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Bounds on the path cover number C(n) have improved over time.
Saias (2003): ¢ < C(n) <

7 for sufficiently large n.
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Path covers of the divisor graph

Bounds on the path cover number C(n) have improved over time.

Saias (2003): ¢

< C(n) < 4 for sufficiently large n.
Mazet (2006): C(n)

~ pn for some 0.1706 < p < 0.2289.
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Path covers of the divisor graph

Bounds on the path cover number C(n) have improved over time.

Saias (2003): ¢ < C(n) < 7 for sufficiently large n.
Mazet (2006): C(n)

Chadozeau (2008): C(n) = pn (1 + 0 (+)>

log log nlog log log n

~ pn for some 0.1706 < p < 0.2289.
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Path covers of the divisor graph

Bounds on the path cover number C(n) have improved over time.
Saias (2003): ¢ < C(n) < 7 for sufficiently large n.

Mazet (2006): C(n)

Chadozeau (2008): C(n) = pn <1 + 0 <+>>

log log nlog log log n

~ pn for some 0.1706 < p < 0.2289.

Theorem

C(n) = pn (1 40 (exp (—\/(% — ¢) log nlog Iogn>)> .

The constant p is effectively computable and 0.1916 < v < 0.2143.
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Thank you!

O <3 = = z wace
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