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Extreme prime factors

The study of the largest and smallest prime factors of integers has a rich
history, motivated by the analysis of factoring algorithm run times.
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Extreme prime factors

The study of the largest and smallest prime factors of integers has a rich
history, motivated by the analysis of factoring algorithm run times.

Let P*(n) and P~(n) denote the largest and smallest prime factors of n.

What can we say about the distribution of these functions for n € [2, x]?
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Extreme prime factors

The study of the largest and smallest prime factors of integers has a rich
history, motivated by the analysis of factoring algorithm run times.

Let P*(n) and P~(n) denote the largest and smallest prime factors of n.
What can we say about the distribution of these functions for n € [2, x]?

These questions are closely related to smooth/rough numbers: An integer is
y-smooth (rough) if all of its prime factors are no larger (smaller) than y.
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Mean value of P (n),n € [2,x]
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Mean value of P (n),n € [2,x]

2
"X (Knuth, Pardo, 1976,

1 pt ~
XZ (n) 12 log x

2<n<x
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Mean value of P (n),n € [2,x]
2
%Z P+(n) - =X
2<n<x

12 log x

(Knuth, Pardo, 1976, Erdés, Alladi, 1977, Kemeny, 1993)
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The distribution of the largest prime factor
Mean value of P (n),n € [2,x]

12 m

(Knuth, Pardo, 1976, Erdds, Alladi, 1977, Kemeny, 1993)

2<n<x 12 |OgX
In fact
2 d d
XL eX L;( ——— | (De Koninck and Ivi¢, 1984)
12logx  log* log"x log™*x

Uniformly for all m.

dm = ! i(_2)j€(j)(2). (Naslund, 2013)
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Mean value: m2x dhx
_|_
12 log x

+ de
Iogzx :
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«O>» «F>r «=>r «=>»

= 9ac
July 3rd, 2025

4



Mean value: m2x dhx
_|_
12 log x

+ de
Iogzx :
Median value:

X
IOng + <|ogm+1x>
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X

7'('2X d2X de
+—+...+—+0 T
12logx  log“x log™ x log™" " x

Mean value:

Median value:
xvete (Selfridge and Wunderlich, 1974)
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Mean value: m2x dhx
+
12 log x

dmx
=+ ...+

log” x
Median value:

x
.. O
log™ x " <Iogm+1x>

1
X Ve o(1)
ot |

€ veXx

log x

(Selfridge and Wunderlich, 1974)
V(140 (ak))

(Naslund, 2013)
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Largest Prime Factor

Mean value: m2x N dhx R dpx 0 X
12logx  log’x ~~~ log"x log™ 1
Median value:
xve o) (Selfridge and Wunderlich, 1974)
—1 1
e Ve x 7(1+O<Iogx)> (Naslund, 2013)

Mode:
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Largest Prime Factor

Mean value: m2x N dhx N dinx 0 X
12logx  log?’x ~~ logMx log™ " x
Median value: 1 4o(1)
X Ve (Selfridge and Wunderlich, 1974)
=1l 1
e Ve X\/E(1+O<IO;X>> (Naslund, 2013)
Mode:

1 log x
e\/i IOgX(|0g2x+|og3X)+o( |og2x) (De Konian, 1994)
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Largest Prime Factor

Mean value: m2x N dhx N dinx 0 X
12logx  log?’x ~~ logMx log™ " x
Median value: 1 4o(1)
X Ve (Selfridge and Wunderlich, 1974)
=1l 1
e Ve X\/E(1+O<IO;X>> (Naslund, 2013)
Mode:

1 log x
e\/i IOgX(|0g2x+|og3X)+o( |og2x) (De Konian, 1994)

1/4
v(x)—3 log log x
exp ( v(x)logx + 3 — m> (1 + O((%) )) (M, 2015)
where v(x) is defined implicitly as the solution to e”®) = 1 + /v(x)log x — v/(x).
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Mean value:
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Mean value:

2<n<x
Median:
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Mean value:

_ ) |
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Mean value:

1 X 1

— E P_ ~ ~ — E

X (n) 2logx  x P
2<n<x

Median: 2 (or 2.5)
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Mean value:

1 X 1

— E P_ ~ ~ — E

X (n) 2logx  x P
2<n<x

Median: 2 (or 2.5)

Mode:
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Mean value:

1 X 1

— E P_ ~ ~ — E

X (n) 2logx  x P
2<n<x

Median: 2 (or 2.5)

Mode: 2
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Average size: Knuth and Trabb Pardo (1976) consider the average size of the largest
prime factors as part of an analysis of factoring algorithm runtimes. (Size of n is log n.)
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Average size

Average size: Knuth and Trabb Pardo (1976) consider the average size of the largest
prime factors as part of an analysis of factoring algorithm runtimes. (Size of n is log n.)

1 L
— Z log PT(n) ~ Alogx A :/ edt = 0.624329... (Golomb-Dickman constant)
X 0

2<n<x
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Average size

Average size: Knuth and Trabb Pardo (1976) consider the average size of the largest
prime factors as part of an analysis of factoring algorithm runtimes. (Size of n is log n.)

1 L
— Z log PT(n) ~ Alogx A :/ edt = 0.624329... (Golomb-Dickman constant)
X 0

2<n<x

@ On average P (n) has about 5/8=0.625 as many digits as n.
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Average size

Average size: Knuth and Trabb Pardo (1976) consider the average size of the largest
prime factors as part of an analysis of factoring algorithm runtimes. (Size of n is log n.)

1 L
— Z log PT(n) ~ Alogx A :/ edt = 0.624329... (Golomb-Dickman constant)
X 0

2<n<x

@ On average P (n) has about 5/8=0.625 as many digits as n. .
@ The geometric mean of the largest prime factors is ( I P*(n)) T = x Mo,

2<n<x
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Average size

Average size: Knuth and Trabb Pardo (1976) consider the average size of the largest
prime factors as part of an analysis of factoring algorithm runtimes. (Size of n is log n.)

1 L
— Z log PT(n) ~ Alogx A :/ edt = 0.624329... (Golomb-Dickman constant)
X 0

2<n<x

@ On average P (n) has about 5/8=0.625 as many digits as n. .

@ The geometric mean of the largest prime factors is <2<1;[<X P*(n)) = xMo(1),

. 1
For smallest prime factors Tennenbaum shows: — E log P~(n) ~ e 7 log, x
X
2<n<x
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Average size

Average size: Knuth and Trabb Pardo (1976) consider the average size of the largest
prime factors as part of an analysis of factoring algorithm runtimes. (Size of n is log n.)

1 L
— Z log PT(n) ~ Alogx A :/ edt = 0.624329... (Golomb-Dickman constant)
X 0

2<n<x

@ On average P (n) has about 5/8=0.625 as many digits as n. .

@ The geometric mean of the largest prime factors is ( I P*(n)) = xMo(1),

2<n<x

. 1
For smallest prime factors Tennenbaum shows: — E log P~(n) ~ e 7 log, x
X
2<n<x

Connection to permutations: On average the longest cycle in a permutation of length n
is An (Golomb, 1964) and the average shortest cycle is e log n (Shepp, Lloyd, 1966).
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥

Benford’s leading digit law: Fix a base b and an initial string of digits D.
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥

Benford’s leading digit law: Fix a base b and an initial string of digits D.

x log(14D71)

<x:P* tarts with D in base b} ~
#{n<x:P7(n) starts wi in base b} log b

(Pollack, Singha Roy, 2022)
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥

Benford’s leading digit law: Fix a base b and an initial string of digits D.

x log(14D71)

<x:P* tarts with D in base b} ~
#{n<x:P7(n) starts wi in base b} log b

(Pollack, Singha Roy, 2022)

Both also hold for the kth largest prime factor (g < —2&X ).

(logy x)k—1+e
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥

Benford’s leading digit law: Fix a base b and an initial string of digits D.

x log(14D71)

<x:P* tarts with D in base b} ~
#{n<x:P7(n) starts wi in base b} log b

(Pollack, Singha Roy, 2022)

Both also hold for the kth largest prime factor (g < —<28X__). Neither holds for P~(n).

(logy x)k—1+e
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥

Benford’s leading digit law: Fix a base b and an initial string of digits D.

x log(14D71)

<x:P* tarts with D in base b} ~
#{n<x:P7(n) starts wi in base b} log b

(Pollack, Singha Roy, 2022)

Both also hold for the kth largest prime factor (g < (Iogz'i%). Neither holds for P~(n).

What about “in between” these extremes?
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Other distributional properties of P*(n)

Equidistribution in residue classes: If g < log” x (for fixed A) and (a, g) = 1 then

#{n<x:P*(n)=a(mod q)} ~ % (Banks, Harmon, Shparlinski, 2005)
¥

Benford’s leading digit law: Fix a base b and an initial string of digits D.

x log(14D71)

<x:P* tarts with D in base b} ~
#{n<x:P7(n) starts wi in base b} log b

(Pollack, Singha Roy, 2022)

Both also hold for the kth largest prime factor (g < (Iogz'i%). Neither holds for P~(n).

What about “in between” these extremes? ...the middle prime factor?
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De Koninck and Luca (2013), initiated the study of “middle” prime factors.
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De Koninck and Luca (2013), initiated the study of “middle” prime factors. Suppose

n = pip2 - Pa(n) p1 < p2 <0 < pan)
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De Koninck and Luca (2013), initiated the study of “middle” prime factors. Suppose
n= pip2---Ppa(n) p1 < p2 <00 < Pagn)

Define the middle prime factor P(%)(n) = Pra(n)/2]-
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The middle prime factor

De Koninck and Luca (2013), initiated the study of “middle” prime factors. Suppose
n = pip2- - Pa(n) p1 < p2 <00 < Pan)

Define the middle prime factor P(2)(n) := Pra(n),2]-

Note that when an integer has an even number of prime factors we take the smaller of
the two “middle” primes.
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The middle prime factor

De Koninck and Luca (2013), initiated the study of “middle” prime factors. Suppose
n = pip2- - Pa(n) p1 < p2 <00 < Pan)

Define the middle prime factor P(2)(n) := Pra(n),2]-

Note that when an integer has an even number of prime factors we take the smaller of
the two “middle” primes. P(2)(140) = P(3)(2.2.5.7) = 2.
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The middle prime factor

De Koninck and Luca (2013), initiated the study of “middle” prime factors. Suppose
n = pip2- - Pa(n) p1 < p2 <00 < Pan)

Define the middle prime factor P(2)(n) := Pra(n),2]-

Note that when an integer has an even number of prime factors we take the smaller of
the two “middle” primes. P(2)(140) = P(3)(2.2.5.7) = 2.

We can generalize this to any percentile. For a € (0,1) define P(*) := Pla(n)]
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For any a € (07 1)'

2<n<x

© Mean: 5 50 P(n) ~

X

2log x
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For any a € (0,1),
® Mean: 1 > P@(n) ~ Togx 2 P~ 2P

2<n<x 2<n<x p<x
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For any a € (0, 1),
® Mean: L > P@(n) ~ 2~ 1 % P (n) ~ 1% p
2<n<x s 2<n<x p<x

@ Mode: 2
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The distribution of the intermediate prime factor

For any a € (0, 1),
o Mean: 1 30 P(n) ~ oo ~ & 3 P(n) ~ 13 p

2<n<x 2<n<x p<x

e Mode: 2
e loglog P(®)(n) has normal order a loglog n. (De Koninck, Katai, 2014) P(2)(n) ~ eV'&"
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The distribution of the intermediate prime factor

For any a € (0, 1),
o Mean: 1 30 P(n) ~ oo ~ & 3 P(n) ~ 13 p

2<n<x 2<n<x p<x

e Mode: 2
e loglog P(®)(n) has normal order a loglog n. (De Koninck, Katai, 2014) P(2)(n) ~ eV'&"
e log, P(®)(n) follows a normal distribution. (De Koninck, Doyon, Quellet, 2019)

1 log, P(*)(n) — alog, x ( 1 )
- < x: <t,=02t)+ 0, | —
X#{n_x \/log, x (21) \/logz x

t
for [t| < (log, x)1/8=¢. &(t) = [ e “/?du is the Gaussian distribution function.

—00
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Does P{®)(n) follow Benford's law? Is it equidistributed in coprime residue classes?
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Does P{®)(n) follow Benford's law? Is it equidistributed in coprime residue classes? Yes!
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The distribution of the middle prime factor
Does P{®)(n) follow Benford's law? Is it equidistributed in coprime residue classes? Yes!

Theorem (M.,P.,S., P(®)(n) follows Benford's law) |

Fix an integer b > 2, and fix a positive integer D. The set of n for which P(*)(n) begins
with D in base b has asymptotic density log(1 + D)/ log b.
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The distribution of the middle prime factor
Does P(®)(n) follow Benford's law? Is it equidistributed in coprime residue classes? Yes!

Theorem (M.,P.,S., P(®)(n) follows Benford's law) |

Fix an integer b > 2, and fix a positive integer D. The set of n for which P(*)(n) begins
with D in base b has asymptotic density log(1 + D)/ log b.

Theorem (M.,P.,S., P(®)(n) is equidistributed in residue classes) |

The number of n < x for which P%2)(n) = a (mod q) is (1 + o(1))x/¢(q) as x — o,
uniformly in moduli q < (log x)2~¢ and in coprime residue classes a mod q.
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The distribution of the middle prime factor

Does P(®)(n) follow Benford's law? Is it equidistributed in coprime residue classes? Yes!

Theorem (M.,P.,S., P(®)(n) follows Benford's law) |

Fix an integer b > 2, and fix a positive integer D. The set of n for which P(*)(n) begins
with D in base b has asymptotic density log(1 + D)/ log b.

Theorem (M.,P.,S., P(®)(n) is equidistributed in residue classes)

The number of n < x for which P%2)(n) = a (mod q) is (1 + o(1))x/¢(q) as x — o,
uniformly in moduli q < (log x)2~¢ and in coprime residue classes a mod q.

The uniformity is essentially optimal: we can show it fails for g > (Iogx)%“.
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We found two different methods of proving each of these results.
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We found two different methods of proving each of these results.

Method 1: General result about P(®)(n) in sets of primes with logarithmic weights.
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Proof Methods

We found two different methods of proving each of these results.

Method 1: General result about P(®)(n) in sets of primes with logarithmic weights.

Theorem

Let P be any subset of the primes such that whenever X, Y, and Y /X — oo,

> v ¥ o
PE(X,Y] pe(X Y]
pEP

for a fixed v € (0,1]. Then the set of n with P\®)(n) € P has asymptotic density v.
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Proof Methods

We found two different methods of proving each of these results.

Method 1: General result about P(®)(n) in sets of primes with logarithmic weights.

Theorem

Let P be any subset of the primes such that whenever X, Y, and Y /X — oo,
DRTTID-

pe(X,Y] P pe(X v]

pEP

for a fixed v € (0,1]. Then the set of n with P\®)(n) € P has asymptotic density v.

Primes starting with D in base b and those p = a (mod q) for fixed g have this property.
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For most integers n, P(%)(n) isn't too close to its neighbors in the factorization of n.
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For most integers n, P(%)(n) isn't too close to its neighbors in the factorization of n.

Suppose p = P(%)(n), n= ApB with P*(A) < p < P~(B).
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For most integers n, P(%)(n) isn't too close to its neighbors in the factorization of n.

Suppose p = P()(n), n = ApB with PT(A) < p < P=(B). “Typically

" Pi(B)
P*(A)

> logs x.
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Proof ldea

For most integers n, P(z)(n) isn't too close to its neighbors in the factorization of n.

Suppose p = P(2)(n), n = ApB with PT(A) < p < P~(B). “Typically” ,’Z;Ef)) > log, x.

This gives us wiggle room to average over all of the primes between P*(A) and P~(B).
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Proof ldea

For most integers n, P(z)(n) isn't too close to its neighbors in the factorization of n.
Suppose p = P(2)(n), n = ApB with PT(A) < p < P~(B). “Typically” ,’;g )) > log, x.
This gives us wiggle room to average over all of the primes between P*(A) and P~(B).

For fixed A and B, we can multiply AB by any prime p € [PT(A), P~(B)] and that
prime will be the middle prime factor.
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1
Method 2: Count the number M,Sz)(x) of integers up to x with middle prime factor p.
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The number of integers whose middle prime factor is p

1
Method 2: Count the number M,EZ)(X) of integers up to x with middle prime factor p.

It will be useful to define 3 := :Zg—zﬁ.
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The number of integers whose middle prime factor is p

1
Method 2: Count the number M,EZ)(X) of integers up to x with middle prime factor p.

It will be useful to define 5 := :Zg—zﬁ_ So p = ellogx)”
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The number of integers whose middle prime factor is p

1
Method 2: Count the number M,£2)(x) of integers up to x with middle prime factor p.

It will be useful to define 5 := :Zg—zi_ So p = ellogx)”

Theorem
Suppose p — oo is prime and either f < % — € or % +e< B <1—e€ Then we have

Cx

S A — 0<fB<i—e¢
p(log x)2 27 i
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E NERRN L R gfl_l) %(1_
C:—3f/3_2i H (1+ L

q
— — ) =1523555
q(q — 2))

The constants in the previous theorem are given by
2(1=28)
¢ V/B(1-8) VB++V1-8
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The constants

The constants in the previous theorem are given by

7(1-28)
c .:ex"(m> Vi VIZh ( 1) Ty
. F <1+ \/%) 2\/%Bl/zl.(l_5)3/4qprime

7 1
1+—) — 1.523555. . ..
11 ( q(qg —2)

3e2
g>2 prime

C =

N
... Note that when 5 = % we have G = \/g

2
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° P(%)(n) follows Benford's law and is equidistributed in coprime residue classes.
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For all t we have

o P()(n) follows Benford’s law and is equidistributed in coprime residue classes,

1 Iog2P(%)(n)—%log2x <(, 3/2
“#dn<x: <tp=0(2t)+0(Lall),
= RASEE
~ NathanMcNew Intermediate prime factors
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2<n<x

2<n<x

Recall that 2 3> P*(n) ~ Alogx, L > P~(n)~ e log,x.
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Average size of the middle prime factor

Recall that L Y P*(n) ~Alogx, L > P7(n)~ e 7log,x.

2<n<x 2<n<x

Theorem

—1+2‘/§ the golden ratio, and ¢’ = i —p—1=¥-1_06180....

Let p = 2
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Average size of the middle prime factor

Recall that L Y P*(n) ~Alogx, L > P7(n)~ e 7log,x.

2<n<x 2<n<x

Theorem

—1+2‘/§ the golden ratio, and ¢’ = i —p—1=¥-1_06180....

Let p = 2

where
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These results generalize to P(™)(n) for any a€(0,1).
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n < x with P(®)(n) = p.

These results generalize to P(®)(n) for any a€(0,1). Consider M,(,a)(x), the count of
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These results generalize to P(®)(n) for any a€(0,1). Consider M,(,a)(x), the count of
-1
n < x with P(®)(n) = p. Find a phase transition at /3, = (1+2ﬁ(a_1 - 1))
~ NathanMcNew Intermediate prime factors

40> «F»r « =>»

£ DA
July 3rd, 2025

17



Generalizations to other «

These results generalize to P()(n) for any a€(0,1). Consider M\ (x), the count of
-1

n < x with P(®)(n) = p. Find a phase transition at 3, = (1—1—2ﬁ(of1 - 1))

Theorem

Fix o € (0,1) and suppose 5, + € < f <1—e€. Then,

Cg,ax

M(a) x) ~ I—a
B TR =
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Set x = El ggg o
’Y(Xa_l_xa) 3a 1
Cﬂ,a — € , -

M1 +x) /2ma(1-8)

H ( q)xal(l ) .

[m] . E _=

o
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Set x = ﬁiggg e
e e (TXT) g3 'Pro

T T(1+x) \/2ra(l - B)
Do =

1 Xo‘—l
meg) (-
’ q
1 N 1
N z—:lx{n( _a)}

lim

Neoo

[m] . E _= :E

= .
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ev(Xa_l—x“)

Set x = El ;a, -
Coa

Xga 1an
r(1+Xa) W

H ( ) (1 X >

! q

=1\ i/b

: " {n(1-a)} — >0 X
Pxox NIE)noo Z X {fol Xtdt B

I;l o irrational
ogx
~ NathanMcNew Intermediate prime factors
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- X%aflpx 1 X Xafl -1
Cgq = = 1—-— 1-—
’ M(1+x) /2ra(l - 5) 1;[ < Q> ( q )

{Zf)ol X'/ o = 4 rational

N
N T 1 {n(1-a)}
Py.a = lim X _ o
T NS N ,,2:31 fo tdt = X v irrational

As a function of « (for a fixed 5) Cgs, is continuous at every irrational,
but discontinuous at every rational value of «, besides o = f3.
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Focuses on the middle prime factor, Pz (n).
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New improvements by Rotgé, (2025)

Focuses on the middle prime factor, Pz(n).

@ Works out the details of the “phase transition” at § = % showing that there is a
Gaussian transition between the two regimes.
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New improvements by Rotgé, (2025)

Focuses on the middle prime factor, Pz(n).

@ Works out the details of the “phase transition” at § = % showing that there is a
Gaussian transition between the two regimes.

@ Refines the computation of

%ZIogP@(n)=A<'°gx)“”’{1+ 2 w”(mﬂ

n<x 1<j<J (logz x))

For any fixed J where the Q; are polynomials, 6, = {log, x/\/5}.
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New improvements by Rotgé, (2025)

Focuses on the middle prime factor, Pz(n).

@ Works out the details of the “phase transition” at § = % showing that there is a
Gaussian transition between the two regimes.

@ Refines the computation of

%ZIogP@(n)=A<'°gx)“”’{1+ 2 w”(ﬁ»

n<x 1<j<J (|0g2 X)j

For any fixed J where the Q; are polynomials, 6, = {log, x/\/5}.
@ Obtains an improved (and optimal) error term for the convergence the typical values,

1 log, P(2)(n) — Llog, x ( )
z < x: <t,=002t)+0 1 .
X#{n_x |Og2X ( ) log, x
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The median of the middle prime factor is still pretty open.
~ NathanMcNew Intermediate prime factors
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The median of the middle prime factor is still pretty open.

After Rotgé's improvments we now know this median is exp(O(\/Iog x))
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Open Questions

The median of the middle prime factor is still pretty open.
After Rotgé's improvments we now know this median is exp(O(\/Iogx)).

1
We also don’t know the behavior of I\/Ip<2>(x) as when 3 = 28282 _, 1

log, x
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Open Questions

The median of the middle prime factor is still pretty open.
After Rotgé's improvments we now know this median is exp(O(\/Iogx)).

1
We also don’t know the behavior of I\/Ip<2>(x) as when 3 = 28282 _, 1

log, x

THANK YOU!
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