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A set of integers is primitive if no integer in the set divides another.
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Examples:
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Primitive Sets

A set of integers is primitive if no integer in the set divides another.

Examples:

@ Primes

@ Integers with exactly k prime factors counted with multiplicity.
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Primitive Sets

A set of integers is primitive if no integer in the set divides another.

Examples:

@ Primes

@ Integers with exactly k prime factors counted with multiplicity.
o {12 +1.[2]+2....n)

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.
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Primitive Sets

A set of integers is primitive if no integer in the set divides another.

Examples:

@ Primes

@ Integers with exactly k prime factors counted with multiplicity.
o {12 +1.[2]+2....n)

A divisor graph is a graph with vertices labeled by integers and
edges connecting each pair of integers where one divides another.

Independent subsets of a divisor graph are primitive sets of integers.
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Note: {} and {1} are both primitive sets.
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Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n| primitive subsets of {1,2...n} count

Nathan McNew Counting Primitive Sets October 5th, 2018 3



Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

primitive subsets of {1,2...n} count

1 {1 {1}
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

primitive subsets of {1,2...n} count

1 { {1} 2
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

primitive subsets of {1,2...n} count
{1 {1} 2
2 {h {1542}

=13
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

primitive subsets of {1,2...n} count
{1 {1} 2
2 {h {1542} 3

=13
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2

2 {3 {1}, {2} 3
3 {1 {13.{2}.{3}.{2,3}
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {3 {1}, {2} 3
3 {1 {13.{2}.{3}.{2,3} 5

Nathan McNew Counting Primitive Sets October 5th, 2018 3



Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

{1 {11.{23,{31.{2,3}, {4}.{3,4}

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {3 {1}, {2} 3
i {1, {13.{2}.{3}.{2,3} 5
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {3 {1}, {2} 3
3 {1, {13.{2}.{3}.{2,3} 5
4 {1 {13.{2}.{3}.{2,3}, {4}.{3,4} 7
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {} {1} 2

2 {3 {1} {2} 3
3 {} {11{2}.{3}{2.3} 5
4 {3 {1h{2}.{3}.{2.3},{4}.{3,4} 7
5 | {1 {1}1.{2}.{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2,3,5}, {4,5}.{3,4,5}
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {} {1} 2
2 {3 {1} {2} 3
3 {} {11{2}.{3}{2.3} 5
4 {3 {1h{2}.{3}.{2.3},{4}.{3,4} 7
5 | {1 {1}1.{2}.{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2,3,5}, {4,5}.{3,4,5} 13
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Finite primitive sets

Note: {} and {1} are both primitive sets.
What do other primitive subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {} {1} 2
2 {3 {1} {2} 3
3 {} {11{2}.{3}{2.3} 5
4 {3 {1h{2}.{3}.{2.3},{4}.{3,4} 7
5 | {1 {1}1.{2}.{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2,3,5}, {4,5}.{3,4,5} 13

How many primitive subsets of {1,2...n} are there?
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Let Q(n) count the primitive sets with largest element at most n.
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Counting primitive sets

Let Q(n) count the primitive sets with largest element at most n.

A051026 Number of primitive subsequences of {1, 2, ..., n}. E
1, 2, 3, 5, 7, 13, 17, 33, 45, 73, 103, 205, 253, 505, 733, 1133, 1529, 3057, 3897,
7793, 10241, 16513, 24503, 40185, 50265, 109207, 163360, 262489, 355720, 711457, 879937,
1759873, 2360641, 3908545, 5858113, 10534337, 12701537, 25403073, 38098337, 63299265,
81044097, 162088193, 205482593, 410965185, 570487233, 855676353 (list; graph; refs; listen; history; text;
internal format)
OFFSET 0,2

COMMENTS a(n) counts all subsequences of {1, ..., n} in which no term divides any
other. If n is a prime a(n) = 2*a(n-1)-1 because for each subseguence s
counted by a(n-1) two different subsequences are counted by a(n): s and
s,n. There is only one exception: 1,n is not a primitive subsequence
because 1 divides n. For all n>1: a(n) < 2*a(n-1). - Alois P. Heinz, Mar
07 2011

o F = = =
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Bounds
Cameron and Erdés considered the function Q(n) in 1990.
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.

(Almost) trivially:
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.

(Almost) trivially:
(V2)" < Q(n) < 2"

Every subset of (g, n] is primitive. There are 2/21 > V2" such subsets.
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Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60”
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Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"
Conjecture: lim Q(n)Y/" exists.
n—o0
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Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"
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Cameron and Erdés (1990) improve these bounds to:

1.5596" < Q(n) < 1.60"
Conjecture: lim Q(n)Y/" exists.
n—o0

The limit lim Q(n)Y" exists. Equivalently, Q(n) = c"t°®).
n—o00
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Bounds

Cameron and Erdés (1990) improve these bounds to:
1.5596" < Q(n) < 1.60"

Conjecture: lim Q(n)Y/" exists.

n—oo

Theorem (Angelo, 2017)
The limit lim Q(n)Y/" exists. Equivalently, Q(n) = c"t°(1),

n—o0

Proof: Study sets without integers having k-smooth integer ratio.
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Bounds

Cameron and Erdés (1990) improve these bounds to:
1.5596" < Q(n) < 1.60"

Conjecture: lim Q(n)Y/" exists.

n—oo

Theorem (Angelo, 2017)
The limit lim Q(n)Y/" exists. Equivalently, Q(n) = c"t°(1),

n—o0

Proof: Study sets without integers having k-smooth integer ratio.
(n is k-smooth if its largest prime divisor, P*(n) < k.)
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Bounds

Cameron and Erdés (1990) improve these bounds to:
1.5596" < Q(n) < 1.60"

Conjecture: lim Q(n)Y/" exists.

n—oo

Theorem (Angelo, 2017)
The limit lim Q(n)Y/" exists. Equivalently, Q(n) = c"t°(1),

n—o0

Proof: Study sets without integers having k-smooth integer ratio.
(n is k-smooth if its largest prime divisor, P*(n) < k.) Let k—oc.

Proof is not effective: Gives no insight on the value of this constant.
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Every subset of (2, n] is primitive, so Q(n) > 2"/2.
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Every subset of (2, n] is primitive, so Q(n) > 2"/2.

Try to make this bigger by considering integers in (2, 2].

«O> «F>r «=» «E» = Q>
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Constructing Primitive Sets
Every subset of (g, n} is primitive, so Q(n) > 2"/2.
Try to make this bigger by considering integers in (g, g]

e For k € ( ,g} we can include k, 2k or neither.

wIs
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Constructing Primitive Sets
Every subset of (g, n} is primitive, so Q(n) > 2"/2.
Try to make this bigger by considering integers in (g, g]

e For k € (2,2] we can include k, 2k or neither. (3 possibilities)

e Equivalent to counting primitive subsets of {1,2}
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Constructing Primitive Sets

Every subset of (g, n} is primitive, so Q(n) > 2"/2.

Try to make this bigger by considering integers in (g, g]

e For k € (2,2] we can include k, 2k or neither. (3 possibilities)
e Equivalent to counting primitive subsets of {1,2}

@ Also equivalent to counting independent subsets of the graph:
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Constructing Primitive Sets

Every subset of (g, n} is primitive, so Q(n) > 2"/2.

Try to make this bigger by considering integers in (g, g]

e For k € (2,2] we can include k, 2k or neither. (3 possibilities)
e Equivalent to counting primitive subsets of {1,2}

@ Also equivalent to counting independent subsets of the graph:
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Constructing Primitive Sets

Every subset of (g, n} is primitive, so Q(n) > 2"/2.
Try to make this bigger by considering integers in (g, g]

e For k € (2,2] we can include k, 2k or neither. (3 possibilities)

e Equivalent to counting primitive subsets of {1,2}

@ Also equivalent to counting independent subsets of the graph:

An independent set of vertices in a graph has no adjacent vertices.
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We can use this to improve the lower bound Q(n) > 2"/2.
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Constructing Primitive Sets

We can use this to improve the lower bound Q(n) > 2"/2.

For each k € (g, g] we can multiply by % the ratio of allowed
subsets of {k, 2k}, to those of just {2k}. (2k was an element of
(37 n}, so those subsets were already taken into account.)
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Constructing Primitive Sets

We can use this to improve the lower bound Q(n) > 2"/2.

For each k € (g, g] we can multiply by % the ratio of allowed
subsets of {k, 2k}, to those of just {2k}. (2k was an element of
(37 n}, so those subsets were already taken into account.)

Thus
Q(n) > 272 (3)"® = 27/337/° ~ 1.5131".
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Pressing on! Working backward, considering progressively smaller k.
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Pressing on! Working backward, considering progressively smaller k.

Lets consider k € (4, 2].
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Pressing on! Working backward, considering progressively smaller k.

Lets consider k € (%, 2]. Now We need to worry about k, 2k, 3k.
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Constructing Primitive Sets

Pressing on! Working backward, considering progressively smaller k.

Lets consider k € ( } Now We need to worry about k, 2k, 3k.

n n
473

Actually two scenarios depending on the parity of k.
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Constructing Primitive Sets

Pressing on! Working backward, considering progressively smaller k.
Lets consider k € (%, g] Now We need to worry about k, 2k, 3k.
Actually two scenarios depending on the parity of k.

For k odd, 5 primitive subsets of { k, 2k, 3k } replace 4 of just {2k, 3k}.
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If kK =2/ is even then % = 30 is also an integer.
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If kK =2/ is even then % = 30 is also an integer.

We have to consider all of 2¢,3¢,4(,6/.

«O> «F>r «=» «E» = Q>

U NEEAMENSR T Counting Primitive Sets October 5th, 2018 10



Constructing Primitive Sets

If k =20 is even then 3% = 3/ is also an integer.

We have to consider all of 2¢,3¢,4¢,6/.
Like counting primitive subsets of {2,3,4,6}.
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Constructing Primitive Sets

If k =20 is even then 3% = 3/ is also an integer.

We have to consider all of 2¢,3¢,4¢,6/.
Like counting primitive subsets of {2,3,4,6}.

(6)
N t 8 subsets of {2,3,4,6}: O
g Y Y Y " e e
{1 {2}, {3}, {4}, {6}, {2,3}, {3,4}, {4,6}
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Constructing Primitive Sets

If k =20 is even then 3% = 3/ is also an integer.

We have to consider all of 2¢,3¢,4¢,6/.
Like counting primitive subsets of {2,3,4,6}.

(6)
N t 8 subsets of {2,3,4,6}: O
g Y Y Y " e e
{1 {2}, {3}, {4}, {6}, {2,3}, {3,4}, {4,6}

Replacing the 6 primitive subsets of only {3,4,6}.
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Constructing Primitive Sets

If k =20 is even then 3% = 3/ is also an integer.

We have to consider all of 2¢,3¢,4¢,6/.
Like counting primitive subsets of {2,3,4,6}.

(6)
N t 8 subsets of {2,3,4,6}: O
g Y Y Y " e e
{1 {2}, {3}, {4}, {6}, {2,3}, {3,4}, {4,6}

Replacing the 6 primitive subsets of only {3,4,6}.

Q(n) > 272 (3)"° ()" (&)"**
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Constructing Primitive Sets

If k =20 is even then 3% = 3/ is also an integer.

We have to consider all of 2¢,3¢,4¢,6/.
Like counting primitive subsets of {2,3,4,6}.

(6)
N t 8 subsets of {2,3,4,6}: O
g Y Y Y " e e
{1 {2}, {3}, {4}, {6}, {2,3}, {3,4}, {4,6}

Replacing the 6 primitive subsets of only {3,4,6}.

Q(n) > 2n/2 (%)n/6 (%)n/24 (g)n/24 _ 25n/243n/85n/24
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Constructing Primitive Sets

If k =20 is even then 3% = 3/ is also an integer.

We have to consider all of 2¢,3¢,4¢,6/.
Like counting primitive subsets of {2,3,4,6}.

(6)
N t 8 subsets of {2,3,4,6}: O
g Y Y Y " e e
{1 {2}, {3}, {4}, {6}, {2,3}, {3,4}, {4,6}

Replacing the 6 primitive subsets of only {3,4,6}.

Q(n) > on/2 (%)n/6 (%)n/24 (g)n/24 _ 95n/243n/8pn/24 | B45GEN
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Consider k € (

nn
574

], the next interval.
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Consider k € (g, ﬁ] the next interval.

If k = 20 is even we must consider
20, 40, 60,80, as well as 3/(.

L3
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One more wrinkle

Consider k € (g, g] the next interval.

If k = 20 is even we must consider

20, 40, 60, 8¢, as well as 3/. (4) 5 3)

However, if k < %” then 94 < n e @ e
must also be considered. o
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One more wrinkle

Consider k € (g, g] the next interval.

If k = 20 is even we must consider @ 6

20, 40, 60, 8¢, as well as 3/. (4) 5 3)

However, if k < %” then 94 < n e @ e
must also be considered. o

So now we consider 2¢,3/¢,4¢,6¢,8( and 9.
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Let r(k,n) =

#Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]’
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Let r(k,n) =

#Primitive subsets of [k,n]
#Primitive subsets of [k+1,n]

Observations:
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Let r(k,n) =

#Primitive subsets of [k,n]
#Primitive subsets of [k+1,n]’

Observations:

o 1< r(k,n)<2
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Computing Q(n)

Let r(k. n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Observations:
o 1< r(k,n)<2
@ r(k, n) only depends on the structure of the connected
component of k in the divisibility graph of [k, n].
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Computing Q(n)

Let r(k. n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Observations:
o 1< r(k,n)<2
@ r(k, n) only depends on the structure of the connected
component of k in the divisibility graph of [k, n].

n

e Q(n) = H r(i, n)

i=1
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Computing Q(n)

Let r(k. n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Observations:
o 1< r(k,n)<2
@ r(k, n) only depends on the structure of the connected
component of k in the divisibility graph of [k, n].

n

e Q(n) = H r(i, n) (Telescoping product)

i=1
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Computing Q(n)

Let r(k. n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Observations:
o 1< r(k,n)<2
@ r(k, n) only depends on the structure of the connected
component of k in the divisibility graph of [k, n].

n

e Q(n) = H r(i, n) (Telescoping product)
i=1
@ Goal: group together equal terms in this product.

Nathan McNew Counting Primitive Sets October 5th, 2018
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Fix k, n. Let i = Lﬂ
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Fix k, n. Let i = HJ The multiples of k up to n are k, 2k, ... ik.
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Fix k, n. Let i = HJ The multiples of k up to n are k, 2k, ... ik.

If one integer from [k, n] divides another the ratio must be i-smooth.
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Key Observation

Fix k, n. Let i = L J The multiples of k up to n are k, 2k, ... ik.

n
K
If one integer from [k, n| divides another the ratio must be i-smooth.

Let d=max{e|lk : P™(e) < i}, the largest i-smooth divisor of k.
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Key Observation

Fix k, n. Let i = w The multiples of k up to n are k, 2k, ... ik.
If one integer from [k, n| divides another the ratio must be i-smooth.

Let d=max{e|lk : P™(e) < i}, the largest i-smooth divisor of k.

Let ¢ = § the “rough” part of k.
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Key Observation

Fix k, n. Let i = L J The multiples of k up to n are k, 2k, ... ik.

n
K
If one integer from [k, n| divides another the ratio must be i-smooth.

Let d=max{e|lk : P™(e) < i}, the largest i-smooth divisor of k.

Let ¢ = § the “rough” part of k.
Every integer in the connected component of k is divisible by /.
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Key Observation

Fix k, n. Let i = L J The multiples of k up to n are k, 2k, ... ik.

n
K
If one integer from [k, n| divides another the ratio must be i-smooth.

Let d=max{e|lk : P™(e) < i}, the largest i-smooth divisor of k.

Let ¢ = § the “rough” part of k.
Every integer in the connected component of k is divisible by /.

Let t = L%J so t/ is the largest integer up to n divisible by /.
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Key Observation

Fix k, n. Let i = w The multiples of k up to n are k, 2k, ... ik.
If one integer from [k, n| divides another the ratio must be i-smooth.

Let d=max{e|lk : P™(e) < i}, the largest i-smooth divisor of k.

Let ¢ = § the “rough” part of k.
Every integer in the connected component of k is divisible by /.

Let t = L%J so t/ is the largest integer up to n divisible by /.

Then r(k, n) = r(d¢, tf)
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Key Observation

Fix k, n. Let i = w The multiples of k up to n are k, 2k, ... ik.
If one integer from [k, n| divides another the ratio must be i-smooth.

Let d=max{e|lk : P™(e) < i}, the largest i-smooth divisor of k.

Let ¢ = § the “rough” part of k.
Every integer in the connected component of k is divisible by /.

Let t = L%J so t/ is the largest integer up to n divisible by /.

Then r(k,n) = r(d¢, tl) = r(d, t).
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For any € > 0, the number of primitive subsets of [1, n| is
—

Q(n) _ n(l—i—O(exp(—\/(%—e) log nlog log n)))
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Approximating Q(n)

Theorem
For any € > 0, the number of primitive subsets of [1, n| is

Q(n) _ Cn(l—&-O(exp(—\/(%—e) log nlog log n)))

or

log Q(n) = nlog(c)+ O ( - ! ) .

e\/(g—e) log nlog log n
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Approximating Q(n)

Theorem

For any € > 0, the number of primitive subsets of [1, n| is

Q(n) _ Cn(l—&-O(exp(—\/(%—e) log nlog log n)))

or

log Q(n) = nlog(c)+ O ( - ! ) .

e\/(g—e) log nlog log n

The constant ¢ = H H H r(d, t)ﬁnp@ &

telid,(i+1)d)
P+(d)<
is effectively computable and 1.5729 < ¢ < 1.5745.
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Get a lower bound for ¢ by computing terms in this product.
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Get a lower bound for ¢ by computing terms in this product. Using
Sage to compute r(d,t) for all i,d,t with di®<10® gives 1.5729 < c.
~ NathanMcNew  Counting Primitive Sets
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Numerical Bound

Get a lower bound for ¢ by computing terms in this product. Using
Sage to compute r(d,t) for all i,d,t with di®<10® gives 1.5729 < c.

82 Opened 5 month
#24418 closed defect (fixed) p4 D monihe a2

Closed 4 months ago

Doctest: bug numerical approx(2/(450232897/4888643760))

vdelecroix
Priority: major Milestone: R ]
Component: symbaolics Keywords: bug
Cc: rws
Authors: Ralf Stephan Reviewers Jeroen Demeyer
Report Upstream: N/A
Branch (Commits) Commit B21f7d9f3568316bc0bBb1f5615bce.

Description (last modified by vdelecroix) A

sage: numerical approx(2(450232897/4888643760))

RuntimeError Traceback (most recent call last)
<ipython-input-2-3c4e38ac@2cl> in <module>()

----» 1 numerical_approx(Integer(2)**(Integer(450232897)/Integer(4883643760)))

fopt/sage/local/lib/python2.7/site-packages/sage/misc/functional.pyc in numerical_apj
1406 return numerical_approx_generic(x, prec)

Nat-h-a_n_McNew : Counting Primitive Sets October 5th, 2018



Numerical Bound

Get a lower bound for ¢ by computing terms in this product. Using
Sage to compute r(d,t) for all i,d,t with di®<10® gives 1.5729 < c.

This technique doesn't give very good upper bounds since any
unestimated terms need to be replaced by 2 (or 1.5).
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Numerical Bound

Get a lower bound for ¢ by computing terms in this product. Using
Sage to compute r(d,t) for all i,d,t with di®<10® gives 1.5729 < c.

This technique doesn't give very good upper bounds since any
unestimated terms need to be replaced by 2 (or 1.5). Gives ¢ < 1.58.
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Numerical Bound

Get a lower bound for ¢ by computing terms in this product. Using
Sage to compute r(d,t) for all i,d,t with di®<10® gives 1.5729 < c.

This technique doesn't give very good upper bounds since any
unestimated terms need to be replaced by 2 (or 1.5). Gives ¢ < 1.58.

The bound c<1.5745 was recently obtained by Liu, Pach and
Palincza (2018) who also prove that c is effectively computable.

Nathan McNew Counting Primitive Sets October 5th, 2018 15
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Do the same thing including integers from the beginning of the
interval rather than the end.
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(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let

(k) = ##Primitive subsets of [Lk]
sV = #Primitive subsets of [1,k-1]
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(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let

a(k) = ##Primitive subsets of [Lk]
#Primitive subsets of [1,k-1]

_ #Primitive subsets of [1,k] including k

B #Primitive subsets of [1,k-1]
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(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let
(k) = ##Primitive subsets of [Lk]
sV = #Primitive subsets of [1,k-1]
_ #Primitive subsets of [1,k] including k
B #Primitive subsets of [1,k-1]
As before,
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The function g(n) is submultiplicative.
~ NathanMcNew  Counting Primitive Sets
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The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).
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The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).

Furthermore, for any prime p, g(pi) > g(pi+1)_
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(Conjectural) Upper Bound

Conjecture
The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).

Furthermore, for any prime p, g(p’) > g(p'™).

The conjecture holds for all values of n < 899.
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(Conjectural) Upper Bound

Conjecture
The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).

Furthermore, for any prime p, g(p’) > g(p'™).

The conjecture holds for all values of n < 899.

Assuming the conjecture, and using values of g(n), n < 899 gives

1.5729 < ¢ < 1.5735.

Nathan McNew Counting Primitive Sets October 5th, 2018
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A general theorem

Theorem (M.)

Fix e >0, A> 0. Suppose |f(k,n)| < A and f(k,n) depends only on
the connected component of k in the divisor graph of [k, n]. Then

; f(a, n) = nCs + Ox (neXp <—\/(%—e) log nlog log n))

where

Nathan McNew Counting Primitive Sets October 5th, 2018 18
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Recall that the largest primitive subset of this interval has size [ﬂ
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Other Applications: Maximum Primitive Subsets

Recall that the largest primitive subset of this interval has size [2].

Let M(n) count the primitive subsets of {1,...n} of size [2].

Nathan McNew Counting Primitive Sets October 5th, 2018 19



Other Applications: Maximum Primitive Subsets

Recall that the largest primitive subset of this interval has size [2].

Let M(n) count the primitive subsets of {1,...n} of size [2].

Theorem (Vijay, 2018)
1.1417 < M(n) < 1.187"
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Other Applications: Maximum Primitive Subsets

Recall that the largest primitive subset of this interval has size [2].

n

Let M(n) count the primitive subsets of {1,...n} of size [2].

Theorem (Vijay, 2018)
1.1417 < M(n) < 1.187"

Theorem (Liu, Pach, Palincza, 2018)
M(n) = a™°(" as n — oo and 1.14817 < a < 1.14823.

Theorem (M., 2018)
M(n) = o (1+0(ew(=y/(5-<)tognloglogn) ) 11 14819 < @,

Nathan McNew Counting Primitive Sets October 5th, 2018
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].

Theorem

m(n) = g"(1r0(ee(=y/ (- Jtesniogtosn))) 11 9125 < 5 < 1.2400.
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].

Theorem

m(n) = gr(+o(ee(=y/ (G- rentosieen)) o1 2125 < 5 < 1.2409.

Corollary

Let V(n) denote the median size of primitive subsets of [1,n]. Then

0.1681n < V(n) < 0.3918n
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Other Applications: Maximal Primitive Sets

A primitive subset of [1, n] is maximal if it is not contained in another
primitive subset. Let m(n) count maximal primitive subsets of [1, n].

Theorem

m(n) = gr(+o(ee(=y/ (G- rentosieen)) o1 2125 < 5 < 1.2409.

Corollary

Let V(n) denote the median size of primitive subsets of [1,n]. Then

0.1681n < V(n) < 0.3918n

Question

Is V/(n) ~ vn for some v? If so, is v.computable?
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Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is <

n

logn®
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Path covers of the divisor graph

Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is < =

logn®

Let C(n) be the least number of disjoint paths that contain all the
vertices of this graph.

Example: C(7) =2 @‘
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Path covers of the divisor graph

Pomerance, Erdds, Saias and others study the the length of the
longest path in the divisor graph of [1, n], showing it is < =

logn®

Let C(n) be the least number of disjoint paths that contain all the
vertices of this graph.

(2)
Example: C(7) =2 @"g
The divisor graph of [1,7] can be (1)—3)
covered by {7,1,5} and {3,6,2,4} but (5) (D

it is not possible to use a single path.
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improved over time.

Bounds on the path cover number C(n) of this divisor graph have
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Path covers of the divisor graph

Bounds on the path cover number C(n) of this divisor graph have
improved over time.

Saias (2003): ¢ < C(n) < 7 for sufficiently large n.
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Path covers of the divisor graph

Bounds on the path cover number C(n) of this divisor graph have
improved over time.

Saias (2003): 2

< C(n) < § for sufficiently large n.
Mazet (2006): C(n)

~ vn for some 0.1706 < v < 0.2289.
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Path covers of the divisor graph

Bounds on the path cover number C(n) of this divisor graph have
improved over time.

Saias (2003): ¢ < C(n) < 7 for sufficiently large n.

Mazet (2006): C(n) ~ vn for some 0.1706 < v < 0.2289.

Chadozeau (2008): C(n) =vn <1 + 0 <+>>

log log nlog log log n
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Path covers of the divisor graph

Bounds on the path cover number C(n) of this divisor graph have
improved over time.

Saias (2003): ¢ < C(n) < 7 for sufficiently large n.

Mazet (2006): C(n) ~ vn for some 0.1706 < v < 0.2289.

Chadozeau (2008): C(n) =vn <1 + 0 <+>>

log log nlog log log n

Theorem

C(n) = vn (1 40 (exp (—\/(% — ¢) log nlog Iogn>)> .

The constant v is effectively computable and 0.17644 < v.
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THANK YOU!
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oo

1=

telid,(i+1)d)

Recall ¢ = H H H r(d, t)ﬁ o< 25
= P+(‘zi)<
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oo

Recall ¢ = H H H r(d, t)ﬁﬂp@-”;—l_

i=1 P+(d) telid,(i4+1)d)

We have

Q(n) =[] r(k,n)

«O> «F>r «=» «E» = Q>

~ NathanMcNew  Counting Primitive Sets October 5th, 2018 24



Proof of the error term (outline)

Recall ¢ = H H H r(d, t)”+1 1o 57

telid,(i+1)d)
d <i
We have

Q(n) = [ r(k.n)

ﬂ H r(d, t)O(l)

i=1 d telid,(i41)d
p+ )<’ [id,(i+1)d)
d<M

xexp<0<n+z#{k<n dlk,d > M, P*(d )</})>
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I I

r(d, t)°W
telid,(i+1)d)
<i

+Y #{k<n:dkd>M, P (d)<i}
i=1

)

«O>» «F>r « = . . o
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

:Cnexp<0<iz +— —|—N#{k< n: d|k d>M P+( )< N}))

<

I
—
Q
3
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

:Cnexp<0<iz +— —|—N#{k< n: d|k d>M P+( )< N}))

<

I
—
Q
3
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

N
= C"exp<O ZZ + +N#{k < n:dlk,d>M,P"(d) < N}))
o 2, N _ logM
= c"exp (O (N/\/l —I—N+Nnexp ( 2IogN)>)
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

:Cnexp<0 iz d+— +N#{k<n d|k d>M P+( )<N}>>

log M
P n 2 R J—
= c"exp (O (N/\/l +N+Nnexp( 2IogN)>)

Take M = n'/2=¢, N = exp ((Iog n)l/zfe).
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