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A Primitive Set is a set of integers in which no two integers divide
one another.
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A Primitive Set is a set of integers in which no two integers divide
one another.

Examples:

@ Primes
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A Primitive Set is a set of integers in which no two integers divide
one another.

Examples:

@ Primes
e Semiprimes, {pq | p, g prime}
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Primitive Sets

A Primitive Set is a set of integers in which no two integers divide
one another.

Examples:

@ Primes

@ Semiprimes, {pq | p, g prime}

@ Integers with exactly k prime factors counted with multiplicity.
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Primitive Sets

A Primitive Set is a set of integers in which no two integers divide
one another.

Examples:

@ Primes

@ Semiprimes, {pq | p, g prime}
@ Integers with exactly k prime factors counted with multiplicity.

° {\_gj%—l, \_§J+2,...,n}
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Note: {} and {1} are both primitive sets.
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Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n| primitive subsets of {1,2...n} count
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

primitive subsets of {1,2...n} count

1 {1 {1}
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

primitive subsets of {1,2...n} count

1 { {1} 2
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {1 {13, {2}
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {1 {13, {2} 3
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2

2 {3 {1}, {2} 3
3 {1 {13.{2}.{3}.{2,3}
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {3 {1}, {2} 3
3 {1 {13.{2}.{3}.{2,3} 5
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

{1 {11.{23,{31.{2,3}, {4}.{3,4}

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {3 {1}, {2} 3
i {1, {13.{2}.{3}.{2,3} 5
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {3 {1} 2
2 {3 {1}, {2} 3
3 {1, {13.{2}.{3}.{2,3} 5
4 {1 {13.{2}.{3}.{2,3}, {4}.{3,4} 7

Nathan McNew

Counting Primitive Sets

May 25th, 2018

3



Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {} {1} 2

2 {3 {1} {2} 3
3 {} {11{2}.{3}{2.3} 5
4 {3 {1h{2}.{3}.{2.3},{4}.{3,4} 7
5 | {1 {1}1.{2}.{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2,3,5}, {4,5}.{3,4,5}
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {} {1} 2
2 {3 {1} {2} 3
3 {} {11{2}.{3}{2.3} 5
4 {3 {1h{2}.{3}.{2.3},{4}.{3,4} 7
5 | {1 {1}1.{2}.{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2,3,5}, {4,5}.{3,4,5} 13
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Finite primitive sets

Note: {} and {1} are both primitive sets. What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1,2...n} count
1 {} {1} 2
2 {3 {1} {2} 3
3 {} {11{2}.{3}{2.3} 5
4 {3 {1h{2}.{3}.{2.3},{4}.{3,4} 7
5 | {1 {1}1.{2}.{3}.{2,3}, {4}.{3,4}.{5}.{2,5}.{3,5}, {2,3,5}, {4,5}.{3,4,5} 13

How many primitive subsets of {1,2...n} are there?
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Let Q(n) count the primitive sets with largest element at most n.
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Counting primitive sets

Let Q(n) count the primitive sets with largest element at most n.

A051026 Number of primitive subsequences of {1, 2, ..., n}. E
1, 2, 3, 5, 7, 13, 17, 33, 45, 73, 103, 205, 253, 505, 733, 1133, 1529, 3057, 3897,
7793, 10241, 16513, 24503, 40185, 50265, 109207, 163360, 262489, 355720, 711457, 879937,
1759873, 2360641, 3908545, 5858113, 10534337, 12701537, 25403073, 38098337, 63299265,
81044097, 162088193, 205482593, 410965185, 570487233, 855676353 (list; graph; refs; listen; history; text;
internal format)
OFFSET 0,2

COMMENTS a(n) counts all subsequences of {1, ..., n} in which no term divides any
other. If n is a prime a(n) = 2*a(n-1)-1 because for each subseguence s
counted by a(n-1) two different subsequences are counted by a(n): s and
s,n. There is only one exception: 1,n is not a primitive subsequence
because 1 divides n. For all n>1: a(n) < 2*a(n-1). - Alois P. Heinz, Mar
07 2011

o F = = =
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.

(Almost) trivially:
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Bounds

Cameron and Erdés considered the function Q(n) in 1990.

(Almost) trivially:

(V2)" < Q(n) <2
Every subset of integers contained in {|2| +1, 2] 4+2,...,n}is
primitive, and there are 2/21 > /2" such subsets.

o F = DQC
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Cameron and Erd6s improve these bounds to:

1.55967" < Q(n) < 1.59”
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Cameron and Erd6s improve these bounds to:

1.55967" < Q(n) < 1.59”
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Cameron and Erd6s improve these bounds to:

1.55967" < Q(n) < 1.59”

Conjecture: lim Q(n)Y/" exists.
n—oo
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Angelo (2017) proves Cameron and Erdds's conjecture.

«0O)>r «F»r « =>»

« =

May 25th, 2018

DAy
7



Angelo (2017) proves Cameron and Erdds's conjecture.

The limit lim Q(n)Y" exists.
n—o00
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Angelo (2017) proves Cameron and Erdds's conjecture.

The limit lim Q(n)Y" exists. Equivalently, Q(n) = c"t°().
n—oo

«O> «F>r «=» «E» =] Q>

~ NathanMcNew  Counting Primitive Sets May 25th, 2018 7



Angelo (2017) proves Cameron and Erdds's conjecture.

The limit lim Q(n)Y" exists. Equivalently, Q(n) = c"t°().
n—o00

Proof is by considering sets in which the ratio between any two terms
is not a k-smooth integer.
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New Developments

Angelo (2017) proves Cameron and Erdés's conjecture.
Theorem
The limit lim Q(n)Y/" exists. Equivalently, Q(n) = c"t°(1),

n—o0

Proof is by considering sets in which the ratio between any two terms
is not a k-smooth integer. Then let k — oo.
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New Developments

Angelo (2017) proves Cameron and Erdés's conjecture.

Theorem
The limit lim Q(n)Y/" exists. Equivalently, Q(n) = c"t°(1),

n—o0

Proof is by considering sets in which the ratio between any two terms
is not a k-smooth integer. Then let k — oo.

Say n is k-smooth if the largest prime divisor P*(n) < k.

Proof gives no insight to the value of the limit nor improved bounds.
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Recall, any subset of the integers in (4, n] is primitive. Since each

element of this set can either be included or not, Q(n) > 2"/2.
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Constructing Primitive Sets

Recall, any subset of the integers in (g, n} is primitive. Since each

element of this set can either be included or not, Q(n) > 2n/2,

Make this bigger by considering integers in (g, g]
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Constructing Primitive Sets

Recall, any subset of the integers in (g, n} is primitive. Since each
element of this set can either be included or not, Q(n) > 2n/2,

Make this bigger by considering integers in (g, g] For each such k in
this range we can either include k, 2k or neither.
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Constructing Primitive Sets

Recall, any subset of the integers in (g, n} is primitive. Since each
element of this set can either be included or not, Q(n) > 2n/2,

Make this bigger by considering integers in (g, g] For each such k in
this range we can either include k, 2k or neither. 3 possibilities.
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Constructing Primitive Sets

Recall, any subset of the integers in (g, n} is primitive. Since each

element of this set can either be included or not, Q(n) > 2n/2,

Make this bigger by considering integers in (g, g] For each such k in
this range we can either include k, 2k or neither. 3 possibilities.

This is the same as counting primitive subsets of {1,2}
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Constructing Primitive Sets

Recall, any subset of the integers in (g, n} is primitive. Since each
element of this set can either be included or not, Q(n) > 2n/2,

Make this bigger by considering integers in (g, g] For each such k in
this range we can either include k, 2k or neither. 3 possibilities.

This is the same as counting primitive subsets of {1,2} or
independent subsets of the graph:
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8



Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.
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Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.

n/6

Thus Q(n) > 22 (3)™” = 27/337/¢ ~ 1.5131".
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Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.

Thus Q(n) > 272 (2)"° = 27/337/6 ~ 1.5131".

Likewise consider k € (§7 g]
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Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.
Thus Q(n) > 272 (2)"° = 27/337/6 ~ 1.5131".

Likewise consider k € (§7 g]

Now we have to worry about k, 2k, 3k.
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Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.
Thus Q(n) > 272 (2)"° = 27/337/6 ~ 1.5131".

Likewise consider k € (§7 g]

Now we have to worry about k, 2k, 3k. Actually 2 possibilities.
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Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.

Thus Q(n) > 272 (2)"° = 27/337/6 ~ 1.5131".
Likewise consider k € (§7 g]
Now we have to worry about k, 2k, 3k. Actually 2 possibilities.

If k odd this is equivalent to counting primitive subsets of {1,2,3},
which is 5, replacing the 4 possibilities before.
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If Kk = 2/ is even however then

3k

2
greater than k. 3k = 6/ can only be included if 3/ is not.

= 3( is also an integer that is
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If k = 2/ is even however then %
Must consider 2¢,3¢,40,6¢

greater than k. 3k = 6/ can only be included if 3/ is not.

= 3( is also an integer that is
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Constructing Primitive Sets

If kK =2( is even however then % = 3/ is also an integer that is

greater than k. 3k = 6/ can only be included if 3/ is not.

Must consider 2¢,3¢,4¢,6( like counting primitive subsets of{2,3,4,6}.

8 possibilities{},{2},{3},{4}.{6}.{2,3}.{3,4}.{4,6} replace 6 before.
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Constructing Primitive Sets

If kK =2( is even however then % = 3/ is also an integer that is

greater than k. 3k = 6/ can only be included if 3/ is not.

Must consider 2¢,3¢,4¢,6( like counting primitive subsets of{2,3,4,6}.
8 possibilities{},{2},{3},{4}.{6}.{2,3}.{3,4}.{4,6} replace 6 before.

Q(n) > 272 (3)"° ()" (&)"*
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Constructing Primitive Sets

If kK =2( is even however then % = 3/ is also an integer that is

greater than k. 3k = 6/ can only be included if 3/ is not.

Must consider 2¢,3¢,4¢,6( like counting primitive subsets of{2,3,4,6}.
8 possibilities{},{2},{3},{4}.{6}.{2,3}.{3,4}.{4,6} replace 6 before.

Q(n) > 2n/2 (%)n/6 (%)n/24 (g)n/24 _ 25n/243n/85n/24
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Constructing Primitive Sets

If kK =2( is even however then % = 3/ is also an integer that is

greater than k. 3k = 6/ can only be included if 3/ is not.

Must consider 2¢,3¢,4¢,6( like counting primitive subsets of{2,3,4,6}.
8 possibilities{},{2},{3},{4}.{6}.{2,3}.{3,4}.{4,6} replace 6 before.

Q(n) > on/2 (%)n/6 (%)"/24 (%)n/24 _ 05n/243n/85n/24 - { BAEE"
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Consider k € (£,4], the next interval.
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One more wrinkle

Consider k € (£,4%], the next interval. If k = 2( is even we must

consider 2/, 4¢, 6/,8(, as well as 3/.
ONO
@)
o) ©

However, if k < 27 then 9¢ < n must also be considered.

039 8 9@
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One more wrinkle

Consider k € (£,4%], the next interval. If k = 2( is even we must

consider 2¢, 40, 6(.8¢, as well as 3.
ONG.
@ RS
However, if k < 22 then 9/ < n must also be considered.
ONG (9
@ RO

So we consider 2¢,3¢,4¢,6(,8( and 9.
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Let r(k,n) =

#Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]
to our potential primitive set.

be the contribution of k
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Key observation

#Primitive subsets of [k,n] L
Let r(k,n) = be th tribut f k
et r(k.n) #Primitive subsets of [k+1,n] € the contribution ©

to our potential primitive set. This ratio depends only on the
connected component of k in the divisibility graph of [k, n].
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Key observation

Primiti bsets of [k
Let r(k,n) = 7 Primitive subsets of [k} be the contribution of k

~ #Primitive subsets of [k+1,n]
to our potential primitive set. This ratio depends only on the

connected component of k in the divisibility graph of [k, n].

Let i = |#], so the multiples of k up to n are k, 2k, ... ik.
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Key observation

#Primitive subsets of [k,n]
Let r(k,n) = —
#Primitive subsets of [k+1,n]
to our potential primitive set. This ratio depends only on the
connected component of k in the divisibility graph of [k, n].

be the contribution of k

Let i = |#], so the multiples of k up to n are k, 2k, ...ik. (Al
included in connected component of k.)
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Key observation

#Primitive subsets of [k,n]
Let r(k,n) = —
#Primitive subsets of [k+1,n]
to our potential primitive set. This ratio depends only on the
connected component of k in the divisibility graph of [k, n].

be the contribution of k

Let i = |#], so the multiples of k up to n are k, 2k, ...ik. (Al
included in connected component of k.)

None of the ratios in this component can involve a prime greater than
or equal to i (except possibly the edge from k to ik if i is prime.)
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Key observation

#Primitive subsets of [k,n] L
Let r(k,n) = be th tribut f k
et r(k.n) #Primitive subsets of [k+1,n] € the contribution ©

to our potential primitive set. This ratio depends only on the
connected component of k in the divisibility graph of [k, n].

Let i = |#], so the multiples of k up to n are k, 2k, ...ik. (Al
included in connected component of k.)

None of the ratios in this component can involve a prime greater than
or equal to i (except possibly the edge from k to ik if i is prime.)

Let d=max{e|i: PT(e) < i}, the largest (i—1)-smooth divisor of k.
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Key observation

#Primitive subsets of [k,n] L
Let r(k,n) = be th tribut f k
et r(k.n) #Primitive subsets of [k+1,n] € the contribution ©

to our potential primitive set. This ratio depends only on the
connected component of k in the divisibility graph of [k, n].

Let i = |#], so the multiples of k up to n are k, 2k, ...ik. (Al
included in connected component of k.)

None of the ratios in this component can involve a prime greater than
or equal to i (except possibly the edge from k to ik if i is prime.)

Let d=max{e|i: PT(e) < i}, the largest (i—1)-smooth divisor of k.

Let ¢ = § the “rough” part of k.
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Key observation

#Primitive subsets of [k,n] L
Let r(k,n) = be th tribut f k
et r(k.n) #Primitive subsets of [k+1,n] € the contribution ©

to our potential primitive set. This ratio depends only on the
connected component of k in the divisibility graph of [k, n].

Let i = |#], so the multiples of k up to n are k, 2k, ...ik. (Al
included in connected component of k.)

None of the ratios in this component can involve a prime greater than
or equal to i (except possibly the edge from k to ik if i is prime.)

Let d=max{e|i: PT(e) < i}, the largest (i—1)-smooth divisor of k.

Let ¢ = § the “rough” part of k.
Every integer in the connected component of k is divisible by /.
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Since r(k,n) — #Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]’

Q(n) =[] r(k.n)
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Since r(k, n) = #Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]’

Q(n) =[] r(k,n)
k=1
Goal: Group together those values of r(k, n) that are equal.
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Computing Q(n)

#Primitive subsets of [k,n]

Since r(k,n) = Q(n) = || r(k,n).

~ #Primitive subsets of [k+1,n]’ 1

Goal: Group together those values of r(k, n) that are equal.

Recall i = [ 2], so the multiples of k up to n are k, 2k, ... ik
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Computing Q(n)

Since r(k, n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Q(n) = r(k, n).

k=1

Goal: Group together those values of r(k, n) that are equal.

Recall i = | %], so the multiples of k up to n are k, 2k, ...ik. d is
the largest (i—1)-smooth divisor of k,
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Computing Q(n)

Since r(k, n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Q(n) = r(k, n).

k=1

Goal: Group together those values of r(k, n) that are equal.

Recall i = | %], so the multiples of k up to n are k, 2k, ...ik. d is
the largest (i—1)-smooth divisor of k, ¢ = % is the “rough” part of k.
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Computing Q(n)

. #Primitive subsets of [k,n]
ince r(k, n) #Primitive subsets of [k+1,n]’ Qln) e r(k, n)

Goal: Group together those values of r(k, n) that are equal.

Recall i = | %], so the multiples of k up to n are k, 2k, ...ik. d is
the largest (i—1)-smooth divisor of k, ¢ = % is the “rough” part of k.

Let t = L%J so t/ is the largest integer up to n divisible by ¢.
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Computing Q(n)

Since r(k, n) = #Primitive subsets of [k,n]
"7 #Primitive subsets of [k+1,n]’

Q(n) = r(k, n).

k=1

Goal: Group together those values of r(k, n) that are equal.

Recall i = | %], so the multiples of k up to n are k, 2k, ...ik. d is
the largest (i—1)-smooth divisor of k, ¢ = % is the “rough” part of k.

Let t = L%J so t/ is the largest integer up to n divisible by ¢.

Note: ik < t/ < (i+ 1)k and k = dl, so id < t < (i + 1)d.
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Computing Q(n)

. #Primitive subsets of [k,n]
ince r(k, n) #Primitive subsets of [k+1,n]’ Qln) e r(k, n)

Goal: Group together those values of r(k, n) that are equal.

Recall i = | %], so the multiples of k up to n are k, 2k, ...ik. d is
the largest (i—1)-smooth divisor of k, ¢ = % is the “rough” part of k.

Let t = L%J so t/ is the largest integer up to n divisible by ¢.
Note: ik <t/ < (i+ 1)k and k =d/l,soid <t < (i+1)d.

Then r(i,n) = r(d¢, tl) = r(d, t).

Nathan McNew Counting Primitive Sets May 25th, 2018 13



Let r(i,n) = #Primitive subsets of [i,n]

#Primitive subsets of [i+1,n]

«O» «Fr» «E>» «=>»

fae
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Let r(i,n) = #P'rir.n.itive subsets of [i,n]

#Primitive subsets of [i+1,n]

So that Q(n) =

Hr(l n)

H = 9DaAe
May 25th, 2018
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Computing Q(n)

#Primitive subsets of [i,n]

Let r(i,n) = :
et r(i n) #Primitive subsets of [i+1,n]

So that Q(n Hr/n

Goal: group together those values of r(i, n) that are equal.
Let k = | 2], so the multiples of i up to n are /, 2i, ... ki. Then

Nathan McNew Counting Primitive Sets May 25th, 2018
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Let C = H H H (d t) t(t+1) Hp<l P
i=1 P+(cz’l) telid,(i+1)d)
For any € > 0, the number of primitive subsets of [1, n| is
n+0

ot = =)

«O» «Fr «E>» (>

T 9Dac
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Computing Q(n)

-1

(o.9]
Let c = H H r(d, t)ﬁ [o<i 55
+d <

i=1 p+ ite[icl, i+1)d)

Theorem (M.)

For any € > 0, the number of primitive subsets of [1, n| is

atn) = =)

or

log Q(n) = nlog(c) <1 +0 (e_("’g”)m_e)) :

Nathan McNew Counting Primitive Sets May 25th, 2018
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oo

1=

telid,(i+1)d)

Recall ¢ = H H H r(d, t)ﬁ o< 25
= P+(‘zi)<

«Or «Fr «=Zr « =)

= DA
May 25th, 2018
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oo

Recall ¢ = H H H r(d, t)ﬁnpd%.

i=1 P+(d) telid,(i4+1)d)

We have

Q(n) =[] r(k,n)

«O> «F>r «=» «E» =] Q>

U NEEAMENER T Counting Primitive Sets May 25th, 2018 16



Proof Outline

Recall ¢ = H H H r(d, t)”+1 1o 57

telid,(i+1)d)
d <i
We have

Q(n) = [ r(k.n)

ﬂ H r(d, t)O(l)

i=1 d telid,(i41)d
p+ )<’ [id,(i+1)d)
d<M

xexp<0<n+z#{k<n dlk,d > M, P*(d )</})>

Nathan McNew Counting Primitive Sets May 25th, 2018 16
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N
AT T
- P+(‘ZI)

te[id,(i+1)d)
<i
d<M

i=1

+Y #{k<n:dkd>M, P (d)<i}

)

= o
May 25th, 2018
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

:Cnexp<0<iz +— —|—N#{k< n: d|k d>M P+( )< N}))

<

I
—
Q
3
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

:Cnexp<0<iz +— —|—N#{k< n: d|k d>M P+( )< N}))

<

I
—
Q
3
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

N
= C"exp<O ZZ + +N#{k < n:dlk,d>M,P"(d) < N}))
o 2, N _ logM
= c"exp (O (N/\/l —I—N+Nnexp ( 2IogN)>)
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Proof Outline

X exp (o <%+Z#{k§ n:dlk,d>M,P*(d) < i}))

i=1

:Cnexp<0 iz d+— +N#{k<n d|k d>M P+( )<N}>>

log M
P n 2 R J—
= c"exp (O (N/\/l +N+Nnexp( 2IogN)>)

Take M = n'/2=¢, N = exp ((Iog n)l/zfe).
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We can get a lower bound for ¢ by computing terms in this product.

«4O0>» «Fr «E» «E)»
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All computations were done in Sage.

We can get a lower bound for ¢ by computing terms in this product.

«O>» «Fr «=)r» «E)»

= DA
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Lower Bound

We can get a lower bound for ¢ by computing terms in this product.

All computations were done in Sage.

) 82 Opened 5§ months ago
#24418 closed defect (fixed) p4 Closed 4 months ago
Doctest: bug numerical_approx(2"(450232897/4888643760))

Rep vdelecroix
Priority major Milestone: sage-8.2
Component symbolics Key bug
B rws
Authors: Ralf Stephan Reviewers: Jeroen Demeyer
Report Upstream N/A
Branch {Commits) Commit 821f7d9f3568316bc0bBb1fS619bce...
Description (last modified by vdelecroix) A
sage: numerical approx(2/(450232897/4888643760))
RuntimeError Traceback (most recent call last)
<ipython-input-2-3c4e30ac@2cl> in <module>()
----> 1 numerical_approx(Integer(2)**(Integer{450232897)/Integer(4888643760)))
/opt/sage/local/lib/python2.7/site-packages/sage/misc/functional.pyc in numerical_apj
1406 return numerical approx_generic(x, prec)
1an7 alen-

Nathan McNew Counting Primitive Sets May 25th, 2018 18



All computations were done in Sage.

We can get a lower bound for ¢ by computing terms in this product.

«O>» «Fr «=)r» «E)»
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Lower Bound

We can get a lower bound for ¢ by computing terms in this product.
All computations were done in Sage.

Computing r(d, t) with dk <t < d(k + 1) for all pairs (d, k) with
d x k <720 gives

1.572071 < c.

Nathan McNew Counting Primitive Sets May 25th, 2018 19



Lower Bound

We can get a lower bound for ¢ by computing terms in this product.
All computations were done in Sage.

Computing r(d, t) with dk <t < d(k + 1) for all pairs (d, k) with
d x k <720 gives

1.572071 < c.

This technique doesn't give very good upper bounds since any
unestimated terms need to be replaced by 2 (or 1.5).

Nathan McNew Counting Primitive Sets May 25th, 2018 19



Lower Bound

We can get a lower bound for ¢ by computing terms in this product.
All computations were done in Sage.

Computing r(d, t) with dk <t < d(k + 1) for all pairs (d, k) with
d x k <720 gives

1.572071 < c.

This technique doesn't give very good upper bounds since any
unestimated terms need to be replaced by 2 (or 1.5). Gives ¢ < 1.60.

Nathan McNew Counting Primitive Sets May 25th, 2018 19
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Do the same thing including integers from the beginning of the
interval rather than the end.

«O> «F>r «=» «E» = Q>
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(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let

(k) = ##Primitive subsets of [Lk]
sV = #Primitive subsets of [1,k-1]

Nathan McNew Counting Primitive Sets May 25th, 2018 20



(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let

a(k) = ##Primitive subsets of [Lk]
#Primitive subsets of [1,k-1]

_ #Primitive subsets of [1,k] including k

B #Primitive subsets of [1,k-1]
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(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let
(k) = ##Primitive subsets of [Lk]
sV = #Primitive subsets of [1,k-1]
_ #Primitive subsets of [1,k] including k
B #Primitive subsets of [1,k-1]
As before,

Nathan McNew Counting Primitive Sets May 25th, 2018
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The function g(n) is submultiplicative.
~ NathanMcNew  Counting Primitive Sets

«O>» «Fr «=)r» «E)»

= DA
May 25th, 2018

21



The function g(n) is submultiplicative. If (n,m)=1 then
g(nm) < g(n)g(m).

=] = DA
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The function g(n) is submultiplicative. If (n,m)=1 then
g(nm) < g(n)g(m).

Furthermore, for any prime p, g(p’) > g(p'?).

= £ 9DAE
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(Conjectural) Upper Bound

Conjecture
The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).

Furthermore, for any prime p, g(p') > g(p'™).

The conjecture holds for all values of n < 899.

Nathan McNew Counting Primitive Sets May 25th, 2018
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(Conjectural) Upper Bound

Conjecture
The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).

Furthermore, for any prime p, g(p') > g(p'™).

The conjecture holds for all values of n < 899.

For example, g(2) = 1, and g(n) < 1 for all even n.
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(Conjectural) Upper Bound

Conjecture
The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) < g(n)g(m).

Furthermore, for any prime p, g(p') > g(p'™).

The conjecture holds for all values of n < 899.

For example, g(2) = 1, and g(n) < 1 for all even n.

. Q(p—1)-1
Note: g(p) = é’zp_)l) :
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21



<

<

> <

May 25th, 2018

22



Assuming the conjecture, using the computed values of g(n),
n < 899, and taking into account all 31-smooth numbers gives

«O> «F>r «=» «E» Q>
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(Conjectural) Upper Bound

Assuming the conjecture, using the computed values of g(n),
n < 899, and taking into account all 31-smooth numbers gives

c < 1.573487.
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(Conjectural) Upper Bound

Assuming the conjecture, using the computed values of g(n),
n < 899, and taking into account all 31-smooth numbers gives

c < 1.573487.

This gives (conjecturally)

1.572071 < ¢ < 1.573487.
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Use the same idea to count maximal primitive subsets of {1,...n}

«Or «Fr «=Zr « =)
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Use the same idea to count maximal primitive subsets of {1,...n}.

Recall that the largest primitive subset of this interval has size [2].

«O> «F>r «=» «E» = Q>
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Extensions

Use the same idea to count maximal primitive subsets of {1,...n}.

Recall that the largest primitive subset of this interval has size (ﬂ

Let M(n) count the primitive subsets of {1,...n} of size [2].

Nathan McNew Counting Primitive Sets May 25th, 2018 23



Use the same idea to count maximal primitive subsets of {1,...n}
Recall that the largest primitive subset of this interval has size

n

Let M(n) count the primitive subsets of {1,...n} of size |

3.

1.303" < M(2n) < 1.408"

«O>» «Fr «=)r» «E)»
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Extensions

Use the same idea to count maximal primitive subsets of {1,...n}.
Recall that the largest primitive subset of this interval has size (ﬂ
Let M(n) count the primitive subsets of {1,...n} of size [2].

2
Theorem (Vijay, 2018)
1.303" < M(2n) < 1.408"

Theorem (M., 2018)

For ¢ > 0, there exists ¢’ definied analogously to ¢ such that

O —F/————F—
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Extensions

Use the same idea to count maximal primitive subsets of {1,...n}.
Recall that the largest primitive subset of this interval has size (ﬂ
Let M(n) count the primitive subsets of {1,...n} of size [2].

2
Theorem (Vijay, 2018)
1.303" < M(2n) < 1.408"

Theorem (M., 2018)
For ¢ > 0, there exists ¢’ definied analogously to ¢ such that
o ——n

and 1.148070 < ¢’ or 1.308066 < c'2

Nathan McNew Counting Primitive Sets May 25th, 2018 23



May 25th, 2018

DA

24



Use the same idea to count maximal primitive subsets of {1,...n}
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Extensions: Maximal Primitive Sets

Use the same idea to count maximal primitive subsets of {1,...n}.

Recall that the largest primitive subset of this interval has size (ﬂ
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Extensions: Maximal Primitive Sets

Use the same idea to count maximal primitive subsets of {1,...n}.

Recall that the largest primitive subset of this interval has size (ﬂ

Let M(n) count the primitive subsets of {1,...n} of size [2].
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Extensions: Maximal Primitive Sets

Use the same idea to count maximal primitive subsets of {1,...n}.

Recall that the largest primitive subset of this interval has size (ﬂ

Let M(n) count the primitive subsets of {1,...n} of size [2].
Theorem (Vijay, 2018)
1.303" < M(2n) < 1.408"
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Extensions: Maximal Primitive Sets

Use the same idea to count maximal primitive subsets of {1,...n}.
Recall that the largest primitive subset of this interval has size (ﬂ
Let M(n) count the primitive subsets of {1,...n} of size [2].

2
Theorem (Vijay, 2018)

1.303" < M(2n) < 1.408"

Theorem (M., 2018)

There exists ¢’ defined analogously to ¢ such that for e > 0,

O —F/————F—
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Extensions: Maximal Primitive Sets

Use the same idea to count maximal primitive subsets of {1,...n}.
Recall that the largest primitive subset of this interval has size (ﬂ
Let M(n) count the primitive subsets of {1,...n} of size [2].

2
Theorem (Vijay, 2018)
1.303" < M(2n) < 1.408"
Theorem (M., 2018)

There exists ¢’ defined analogously to ¢ such that for e > 0,

O —F/————F—

and 1.148070 < ¢’ or 1.308066 < c2.
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Extensions: Geometric Progression Free Sets

Let G(n) denote the number of subsets of 1,...n that avoid 3-term
geometric progressions with integral ratio.
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Extensions: Geometric Progression Free Sets
Let G(n) denote the number of subsets of 1,...n that avoid 3-term
geometric progressions with integral ratio.

Since the squarefree numbers avoid geometric progressions we get
trivially that G(n) > 267/ ~ 1.5424"

Theorem (M., 2018)

For e > 0, there exists g such that

n+O<"12_E>
G(n) — g exp((logn) / )
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Extensions: Geometric Progression Free Sets

Let G(n) denote the number of subsets of 1,...n that avoid 3-term
geometric progressions with integral ratio.

Since the squarefree numbers avoid geometric progressions we get
trivially that G(n) > 267/ ~ 1.5424"

Theorem (M., 2018)

For e > 0, there exists g such that

n+O<"12_E>
G(n) — g exp((logn) / )

and 1.8192 < g.

Nathan McNew Counting Primitive Sets May 25th, 2018

25



Thank you!
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