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Primitive Sets

A Primitive Set is a set of integers in which no two integers divide
one another.

Examples:

Primes

Semiprimes, {pq | p, q prime}
Integers with exactly k prime factors counted with multiplicity.{⌊

n
2
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+ 1,

⌊
n
2

⌋
+ 2, . . . , n

}
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Finite primitive sets

Note: {} and {1} are both primitive sets.

What do other primitive
subsets of the first few integers look like?

n primitive subsets of {1, 2 . . . n} count

1 {}, {1} 2
2 {}, {1}, {2} 3
3 {}, {1},{2},{3},{2, 3} 5
4 {}, {1},{2},{3},{2, 3}, {4},{3, 4} 7
5 {}, {1},{2},{3},{2, 3}, {4},{3, 4},{5},{2, 5},{3, 5}, {2, 3, 5}, {4, 5},{3, 4, 5} 13

How many primitive subsets of {1, 2 . . . n} are there?
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Counting primitive sets

Let Q(n) count the primitive sets with largest element at most n.
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Bounds

Cameron and Erdős considered the function Q(n) in 1990.

(Almost) trivially:

(
√

2)n < Q(n) < 2n

Every subset of integers contained in
{⌊

n
2

⌋
+ 1,

⌊
n
2

⌋
+ 2, . . . , n

}
is

primitive, and there are 2d
n
2
e >
√

2
n

such subsets.
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Bounds

Cameron and Erdős improve these bounds to:

1.55967n < Q(n) < 1.59n

Conjecture: lim
n→∞

Q(n)1/n exists.
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New Developments

Angelo (2017) proves Cameron and Erdős’s conjecture.

Theorem

The limit lim
n→∞

Q(n)1/n exists. Equivalently, Q(n) = cn+o(1).

Proof is by considering sets in which the ratio between any two terms
is not a k-smooth integer. Then let k →∞.

Say n is k-smooth if the largest prime divisor P+(n) ≤ k .

Proof gives no insight to the value of the limit nor improved bounds.
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Theorem

The limit lim
n→∞

Q(n)1/n exists.

Equivalently, Q(n) = cn+o(1).

Proof is by considering sets in which the ratio between any two terms
is not a k-smooth integer. Then let k →∞.

Say n is k-smooth if the largest prime divisor P+(n) ≤ k .

Proof gives no insight to the value of the limit nor improved bounds.

Nathan McNew Counting Primitive Sets May 25th, 2018 7



New Developments

Angelo (2017) proves Cameron and Erdős’s conjecture.
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Theorem

The limit lim
n→∞

Q(n)1/n exists. Equivalently, Q(n) = cn+o(1).

Proof is by considering sets in which the ratio between any two terms
is not a k-smooth integer.

Then let k →∞.

Say n is k-smooth if the largest prime divisor P+(n) ≤ k .

Proof gives no insight to the value of the limit nor improved bounds.

Nathan McNew Counting Primitive Sets May 25th, 2018 7



New Developments

Angelo (2017) proves Cameron and Erdős’s conjecture.
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Constructing Primitive Sets

Recall, any subset of the integers in
(
n
2
, n
]

is primitive. Since each

element of this set can either be included or not, Q(n) ≥ 2n/2.

Make this bigger by considering integers in
(
n
3
, n
2

]
. For each such k in

this range we can either include k , 2k or neither. 3 possibilities.

This is the same as counting primitive subsets of {1, 2} or
independent subsets of the graph:

1

2
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Constructing Primitive Sets

For each such k we can then multiply by 3, but must divide by 2, the
number of possible sets already obtained before k was considered.

Thus Q(n) ≥ 2n/2
(
3
2

)n/6
= 2n/33n/6 ≈ 1.5131n.

Likewise consider k ∈
(
n
4
, n
3

]
.

Now we have to worry about k , 2k , 3k . Actually 2 possibilities.

If k odd this is equivalent to counting primitive subsets of {1,2,3},
which is 5, replacing the 4 possibilities before.

1

2 3
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Constructing Primitive Sets

If k = 2` is even however then 3k
2

= 3` is also an integer that is
greater than k . 3k = 6` can only be included if 3` is not.

Must consider 2`,3`,4`,6` like counting primitive subsets of{2,3,4,6}.

2

4
6

3

8 possibilities{},{2},{3},{4},{6},{2, 3},{3, 4},{4, 6}replace 6 before.

Q(n) ≥ 2n/2
(
3
2

)n/6 (5
4

)n/24 (8
6

)n/24
= 25n/243n/85n/24 ≈ 1.5456n
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One more wrinkle

Consider k ∈
(
n
5
, n
4

]
, the next interval. If k = 2` is even we must

consider 2`, 4`, 6`, 8`, as well as 3`.

2
4

6

3

8

However, if k ≤ 2n
9

then 9` ≤ n must also be considered.

2
4

6

3

8 9

So we consider 2`, 3`, 4`, 6`, 8` and 9`.
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Key observation

Let r(k , n) =
#Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]
be the contribution of k

to our potential primitive set.

This ratio depends only on the
connected component of k in the divisibility graph of [k , n].

Let i =
⌊
n
k

⌋
, so the multiples of k up to n are k , 2k , . . . ik . (All

included in connected component of k .)

None of the ratios in this component can involve a prime greater than
or equal to i (except possibly the edge from k to ik if i is prime.)

Let d= max{e|i : P+(e) < i}, the largest (i−1)-smooth divisor of k .

Let ` = k
d

the “rough” part of k .
Every integer in the connected component of k is divisible by `.
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Computing Q(n)

Since r(k , n) =
#Primitive subsets of [k,n]

#Primitive subsets of [k+1,n]
, Q(n) =

n∏
k=1

r(k , n).

Goal: Group together those values of r(k , n) that are equal.

Recall i =
⌊
n
k

⌋
, so the multiples of k up to n are k , 2k , . . . ik . d is

the largest (i−1)-smooth divisor of k , ` = k
d

is the “rough” part of k .

Let t =
⌊
n
`

⌋
, so t` is the largest integer up to n divisible by `.

Note: ik ≤ t` < (i + 1)k and k = d`, so id ≤ t < (i + 1)d .

Then r(i , n) = r(d`, t`) = r(d , t).
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Computing Q(n)

Let r(i , n) =
#Primitive subsets of [i,n]

#Primitive subsets of [i+1,n]
.

So that Q(n) =
n∏

i=1

r(i , n).

Goal: group together those values of r(i , n) that are equal.
Let k =

⌊
n
i

⌋
, so the multiples of i up to n are i , 2i , . . . ki . Then

Nathan McNew Counting Primitive Sets May 25th, 2018 14



Computing Q(n)

Let r(i , n) =
#Primitive subsets of [i,n]

#Primitive subsets of [i+1,n]
.

So that Q(n) =
n∏

i=1

r(i , n).

Goal: group together those values of r(i , n) that are equal.
Let k =

⌊
n
i

⌋
, so the multiples of i up to n are i , 2i , . . . ki . Then

Nathan McNew Counting Primitive Sets May 25th, 2018 14



Computing Q(n)

Let r(i , n) =
#Primitive subsets of [i,n]

#Primitive subsets of [i+1,n]
.

So that Q(n) =
n∏

i=1

r(i , n).

Goal: group together those values of r(i , n) that are equal.
Let k =

⌊
n
i

⌋
, so the multiples of i up to n are i , 2i , . . . ki . Then

Nathan McNew Counting Primitive Sets May 25th, 2018 14



Computing Q(n)

Let c =
∞∏
i=1

∏
d

P+(d)<i

∏
t∈[id ,(i+1)d)

r(d , t)
1

t(t+1)

∏
p<i

p−1
p .

Theorem (M.)

For any ε > 0, the number of primitive subsets of [1, n] is

Q(n) = c
n+O

(
n

exp((log n)1/2−ε)

)

or
logQ(n) = n log(c)

(
1 + O

(
e−(log n)

1/2−ε
))

.
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Proof Outline

Recall c =
∞∏
i=1

∏
d

P+(d)<i

∏
t∈[id ,(i+1)d)

r(d , t)
1

t(t+1)

∏
p<i

p−1
p .

We have

Q(n) =
n∏

k=1

r(k , n)

= cn


N∏
i=1

∏
d

P+(d)<i
d<M

∏
t∈[id ,(i+1)d)

r(d , t)O(1)


× exp

(
O

(
n

N
+

N∑
i=1

#{k ≤ n : d |k , d > M ,P+(d) < i}

))
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Proof Outline

cn


N∏
i=1

∏
d

P+(d)<i
d<M

∏
t∈[id ,(i+1)d)

r(d , t)O(1)


× exp

(
O

(
n

N
+

N∑
i=1

#{k ≤ n : d |k , d > M ,P+(d) < i}

))

= cnexp

(
O

(
N∑
i=1

∑
d<m

d+
n

N
+N#{k ≤ n : d |k , d>M ,P+(d) < N}

))
= cnexp

(
O

(
N∑
i=1

∑
d<M

d+
n

N
+N#{k ≤ n : d |k , d>M ,P+(d) < N}

))

= cnexp

(
O

(
NM2+

n

N
+Nn exp

(
− logM

2 logN

)))
Take M = n1/2−ε, N = exp

(
(log n)1/2−ε

)
.
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Lower Bound

We can get a lower bound for c by computing terms in this product.

All computations were done in Sage.
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Lower Bound

We can get a lower bound for c by computing terms in this product.
All computations were done in Sage.

Computing r(d , t) with dk ≤ t ≤ d(k + 1) for all pairs (d , k) with
d × k ≤ 720 gives

1.572071 < c .

This technique doesn’t give very good upper bounds since any
unestimated terms need to be replaced by 2 (or 1.5). Gives c < 1.60.
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(Conjectural) Upper Bound

Do the same thing including integers from the beginning of the
interval rather than the end.

Let

g(k) =
#Primitive subsets of [1,k]

#Primitive subsets of [1,k-1]
− 1

=
#Primitive subsets of [1,k] including k

#Primitive subsets of [1,k-1]

As before,

Q(n) =
n∏

k=1

(g(k) + 1)
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(Conjectural) Upper Bound

Conjecture

The function g(n) is submultiplicative. If (n,m)=1 then

g(nm) ≤ g(n)g(m).

Furthermore, for any prime p, g(pi) > g(pi+1).

The conjecture holds for all values of n < 899.

For example, g(2) = 1
2
, and g(n) ≤ 1

2
for all even n.

Note: g(p) = Q(p−1)−1
Q(p−1) .
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(Conjectural) Upper Bound

Assuming the conjecture, using the computed values of g(n),
n < 899, and taking into account all 31-smooth numbers gives

c < 1.573487.

This gives (conjecturally)

1.572071 < c < 1.573487.
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Extensions

Use the same idea to count maximal primitive subsets of {1, . . . n}.
Recall that the largest primitive subset of this interval has size

⌈
n
2

⌉
.

Let M(n) count the primitive subsets of {1, . . . n} of size
⌈
n
2

⌉
.

Theorem (Vijay, 2018)

1.303n < M(2n) < 1.408n

Theorem (M., 2018)

For ε > 0, there exists c ′ definied analogously to c such that

M(n) = c ′
n+O

(
n

exp((log n)1/2−ε)

)

and 1.148070 < c ′ or 1.308066 < c ′2
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Extensions: Maximal Primitive Sets

Use the same idea to count maximal primitive subsets of {1, . . . n}.
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Extensions: Geometric Progression Free Sets

Let G (n) denote the number of subsets of 1, . . . n that avoid 3-term
geometric progressions with integral ratio.

Since the squarefree numbers avoid geometric progressions we get
trivially that G (n) > 26n/π2 ≈ 1.5424n.

Theorem (M., 2018)

For ε > 0, there exists g such that

G (n) = g
n+O

(
n

exp((log n)1/2−ε)

)

and 1.8192 < g.
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Thank you!
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