PRIMITIVE AND GEOMETRIC-PROGRESSION-FREE SETS
WITHOUT LARGE GAPS

NATHAN MCNEW

ABSTRACT. We prove the existence of primitive sets (sets of integers in which
no element divides another) in which the gap between any two consecutive
terms is substantially smaller than the best known upper bound for the gaps
in the sequence of prime numbers. The proof uses the probabilistic method.
Using the same techniques we improve the bounds obtained by He for gaps in
geometric-progression-free sets.

1. INTRODUCTION

Despite the rich history of research on the gaps in the sequence of prime num-
bers, including many recent breakthroughs, the magnitudes of the largest gaps in
this sequence are still poorly understood. Denoting by p1, po, . .. the sequence of
prime numbers, it has been known since 2001, due to Baker, Harman, and Pintz

[2], that

Pn — Pn1 < poo%.

Assuming the Riemann Hypothesis gives a small improvement. Cramér [4] shows

Pn — Pn—1 K \/Pn log pp.-

Cramér [5] conjectures, however, that the bound p, — p,—1 < log? p,, gives the
true order of magnitude of the largest gaps. As for lower bounds, it follows
immediately from the prime number theorem that there must exist gaps where
Pn — Pn—1 = logp,. This can be improved upon slightly. It has recently been
shown by Ford, Green, Konyagin, Maynard and Tao [9] that, for some positive
constant ¢, the innequality

clog p,, log log p, log, pp,
10g3 Pn

holds infinitely often, improving on the previous result of Rankin [15] which
included an additional triple log factor in the denominator. Here, and throughout
the paper, log; x will be used to denote the i-fold iterated logarithm when ¢ > 3.
Since loglog x is commonly used it will be used for readability when i = 2.
Generalizing from the set of primes, one can consider any primitive set of
integers. We say a set is primitive if no integer in the set divides another integer
in the set. The study of primitive sets also has a rich history. For example, it is
known that primitive sets can have counting function substantially larger than

Pn — Pn—1 >

2010 Mathematics Subject Classification. 11N25 (primary), and 11B05 (secondary).
1



2 NATHAN MCNEW

the prime numbers. Ahlswede, Khachatrian, and Sarkozy [1] showed there exists
a primitive sequence s; < sg < --- with
Sn
n =
log log Sn(logS Sn)H_E

for sufficiently large n. Martin and Pomerance [12] show that this can be improved
slightly, in fact there exists such a sequence where
~ Sn
"= loglog sy, logs sp, - - - 1ogy, sp(logy.yq sn)tT€
for sufficiently large n and any k& > 2. This is, in a sense, best possible, as Erdés
[8] shows that any primitive sequence 1, S2, ... must satisfy

(e 9]

1
P S
1snlogsn

Compared to the sequence of prime numbers, where the average gap grows like
log x, we see from these results that primitive sets can have substantially smaller
gaps on average, on the order of loglogxlogsx - - -log x(logy x)1*e for any
k > 2. Nevertheless, it has not yet been possible to show that the largest gaps
among these sequences is any smaller than what is known for the prime numbers.

We show here that there exist primitive sequences in which the gap between
consecutive terms is substantially smaller than has been previously shown for the
primes or any other primitive sequence. In particular, we get the following upper
bound.

Theorem 1.1. For any € > 0 there exists a primitive sequence q1 < g2 < --- of
integers in which the gap between any two consecutive terms is bounded above by

Gn — Gn—1 < €xXp (\/2 log gn loglog g5, + (2 + €) log gy, logg qn) : (1)

The proof utilizes the probabilistic method, and so it is not constructive. It
generalizes, however, to the related problem of geometric-progression-free sets,
where the analogous problem has recently attracted attention.

If » > 1 is rational (sometimes we insist it be integral), then a geometric
progression of length k with ratio r is a progression of integers (g1, g2, -..gx) in
which g; = rg;_1. We say S avoids geometric progressions of length £ if it is not
possible to find k integers from S in a geometric progression. Note that primitive
sets can be described as sets avoiding geometric progressions of length 2 in which
we insist that the ratio » must be an integer. For the remainder of the paper we
will assume that our geometric progressions have length at least 3, and, unless
otherwise stated, are allowed to have rational ratio.

In the case of geometric-progression-free sets, unlike primitive sets, there exist
such sets with positive density. In particular, the squarefree numbers avoid geo-
metric progressions and have density %, though this density isn’t best possible.
(See [13,14,16] for results on the maximum density of such a set.)

Because of this it is not clear, a priori, that there cannot exist such sets in which
all of the gaps are bounded above by a fixed constant. In ergodic theory a set in
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which every gap is bounded by a constant is known as a syndetic set. Bieglbock,
Bergelsen, Hindman and Strauss [3] first posed the question of whether there
exists a syndetic set that is geometric-progression-free. This problem has become
well-known as a good example of the difficulty inherent in studying problems that
mix the additive and multiplicative structure of the integers, and remains open.

There has been partial progress toward this question for 2-syndetic sets (sets
in which the difference between any two consecutive terms is at most two). He
[11] shows by a computer search that any subset of the range [1,640] containing at
least one of any pair of consecutive numbers must contain three term geometric
progressions. Recently Patil [17] shows that any sequence of integers s1 < so <

- with s, — 5,1 < 2 must contain infinitely pairs {a,ar?} with r an integer.

In general, one can avoid geometric progressions of length k+1 by taking the
sequence of k-free numbers. Denoting by s; < s2 < --- the sequence of k-free
numbers, the best known bound on the gaps, due to Trifonov [18] is that

1
Sp — Sn_1 < 55" log sp,.

Though this, again, is likely far greater than the truth.

He [11] considers the existence of geometric-progression-free sets with gaps
provably smaller than the bounds for k-free numbers. He shows the following.

Theorem 1.2 (He). For each € > 0 there exists a sequence by < by < --- avoiding
6-term geometric progressions satisfying

5log 2 log by,
e e (550 g )

Furthermore, there exists a sequence ¢1 < cg < --- avoiding 5-term geometric
progressions satisfying

Cn — Cn—1 L €,

and a sequence dy < do < --- that avoids 3-term geometric progressions with
integral ratio in which

dy — dp_1 < dS,.

The technique developed here allows us to treat 3-term geometric progressions
with rational ratio and obtain a substantially smaller bound on the size of the
gaps. In particular we prove the following in section 4 .

Theorem 1.3. For any € > 0 there exists a sequence of integers t1 < to < ---
free of 3-term-geometric-progressions, such that

th —th_1 < exp (2\/Iog 2logt, + %Vlogﬂog t, loglog tn) . (2)

2. COPRIME SUBSETS OF INTERVALS

We first prove that in any short interval we can find a relatively large subset of
integers that are pairwise coprime. Using the linear sieve of Rosser and Iwaniec
(see for example Theorem 12.14 and Corollary 12.15 of [10]) one can sieve an
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interval of length y by primes up to nearly ,/y. The result can be stated as
follows.

Lemma 2.1. There exist positive constants ¢y and co so that every interval of

length c1y with y > 2 contains at least longy integers free of prime factors smaller
c2Yy -
than \/y, and at most IOng such integers.

Using this we can show that the short interval [z — y, z] contains a reasonably
large subset of pairwise coprime integers. Erdés and Selfridge [7] (see also [6])
prove that for sufficiently large y and any € > 0 any such interval has a pairwise
coprime subset of size at least y*/2~¢, though their proof is not correct as written.
We correct and refine the argument, using Lemma 2.1 to show the following.

Theorem 2.2. For sufficiently large y and © > y + 1, any interval [x — y, x]
c3/Y

logy

contains a subset of pairwise coprime integers of size at least for some

positive constant cs.

Proof. Let y' = y/c1, where ¢; is the constant from Lemma 2.1. That lemma
then implies that the set S C [x — y, x] consisting of integers in this interval free

of prime factors smaller than /4 contains at least ﬁ integers.
Now, let p > /4 be prime, and suppose p|n for some n € S. Then n = pm
where m € [% - &, %] (an interval of length 017}/’) Since n is free of prime factors

smaller than /y/, m will be free of such primes as well. While we can’t sieve this
shorter interval of primes as large as v/3/, we can use Lemma 2.1 to sieve this
interval of primes up to \/%, at least so long as ‘% is at least two. Thus for each
prime 2/ < p < %’, the number of integers in S divisible by the prime p is at
most

oy’

7
plog

For those primes %/ < p <y, we can bound the number of integers in S divisible
by p trivially by {%-‘ = O(1).

We now use Turan’s graph theorem to prove that a large subset of S is pairwise
coprime. Construct a graph in which the vertices are the elements of S and
the edges connect vertices corresponding to integers which share a prime factor.

Adding together the total number of edges produced by each prime, we find that
the total number of edges in the graph is at most

1 / / |
2 <1y< ?yy'”»% > o5
/ Y Y / p p
Vi<p<y \PIOBp APIO8S Y <pey
c3y”
C Y Ly o

!

2
, p*log v
5Py

Yy
VI <<y P
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/,,13/2
fozg " for some constant c.
Turan’s graph theorem states that any graph with v vertices and e edges has
. . . 2 . .
an independent set of vertices of size at least Ui—% Applying this to our graph
we find there must be an independent set of vertices (corresponding to a set of
pairwise coprime integers) of size at least
y/2 ;
log* y' VY
Yy 20’y’3/2 10 /
log2 y' 10g3 y' gy
and the result follows. O

By partial summation this expression is at most

Remark 2.3. Note that in the construction above, the integers in the set were
free of prime factors less than \/y', and thus have at most

logz  2logz  2logx O<logw>
logy’ logy—loge,  logy log?y

prime factors.

3. PRIMITIVE SETS WITHOUT LARGE GAPS

Using these results we are now able to give a proof of Theorem 1.1 using the
probabilistic method.

Proof of Theorem 1.1. We construct a primitive set according to the following
probabilistic construction and then show that, with high probability, the set we
constructed does not have any gaps greater than the bound (1).

Fix € > 0. For each prime number p; we choose a corresponding positive-
integer-valued random variable X; with distribution

Ce

1+£ ’
nlog "8(n+ 2)
with C¢ chosen to normalize the distribution. (Note that the sum of these terms
converges since the power on the logarithm is greater than 1. The purpose of
adding two inside the logarithm is just to make the probability positive when n
is either 1 or 2.) We then construct the set of integers @ = {n > 2 : p;jn —
Q(n) = X;}, consisting of only those integers n for which the total number of
prime factors dividing n agrees with the random variable X; corresponding to
every single one of its prime divisors, p;.

It is readily seen that this construction always produces a primitive set, since
if a € Q, and alb with b > a, then Q(a) < Q(b), but any prime dividing a also
divides b, and so b cannot be in Q.

We now show that we expect every interval of size (1) to contain an element
of this set. Let

Y = exp <\/2 log zloglogz + (2 + €) log z logs x) , (3)

and consider the interval [x—y, z]. Using Theorem 2.2, along with the observation
of Remark 2.3, there exists a subset S of the integers in this interval containing at
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3T

logy

least integers from this interval which are pairwise coprime. Furthermore,

the integers in S have no more than 212?;; +0 ( log "Ty) prime factors. Suppose

n € S, then the probability that n € @ is

Pne@) =]]Pxi=0m)=]]

piln piln

€

(©2(n) +2)

2logx log = >
logy +O(log2 Yy

olo| O

Q(n) log""

Ce
(2oer 10 (lo52 ) 10g! 5 (2o 4 O(1))
2log logm)) ( <log$> >>
= - +0 X (log | —— )+ (14+5)1 +0c (1
eXp(( log y <log2y % | iogy ) T 178) los 20 (1)
2logx log €
= — 1 1+-)1 (1 .
eXp( logy <Og<10gy>+( +8> 0857+ Ol )>>

Since the elements of S are pairwise coprime, the probability that any one ele-
ment of S is included in @ is independent of the probability of any other element
is included. Thus the probability that no integer from the interval [x — y,x] is
included in @ can be bounded as follows.

Pr—yylnQ=2)<P(SNQ=0)=[[1-PreQ)

nes

2logx log
< — — 1 1
—H<1 eXp( logy (Og<10gy>+( ) logg =+ O:(1 ))
2logx log x
<(1- +£)1
- (1 eXp< log y <log<10gy> +(1+5) loggz + 01 )>>>
21 1

exp —Cgﬁx exp | — 08T log 98T | (1+5) logs 2+0.(1)

logy logy logy

21 1
= exp <— exp ( log y— log log y— 1 (;gyz <10g <1Z§;> + (1+5) logs x+06(1)>>> .

Now, inserting our choice (3) for the length y of the interval, the innermost
exponent above becomes

IN

2logx (log (\Aﬁ%) + (1+5) logs 33—1—06(1))

%\/2 log z(loglog z+ (145) logy z)—

\/2 log z(loglog x + (1 + %) logs )

loglog z+ (1+5—%) logg z + Oc(1)
\/1og log x + (1—1—%) logs x

= \/% log = \/loglog x4+ (1+§) logs x —

€ y/2logw

€
= ——— 1 O.(1)).
8 loglogx(oggx—i_ (1)



PRIMITIVE AND GEOMETRIC-PROGRESSION-FREE SETS WITHOUT LARGE GAPS 7

Therefore the probability that none of the integers from the interval [z — y, x]
are included in ), which is less than the probability that no integer in S'is included

in @ since S C [z — y,x], is at most exp <— exp (g\/jm (logs = + Oe(l))>).

Using linearity of expectation, and by starting the sequence at a sufficiently high
initial value IV, we can ensure that the expected number of intervals of the form
[ — y, z] which do not contain an integer in () is at most

Y Plla—y,2]NQ=2)< > exp <_exp< ev/2logx

VEOBT (log, x+O€(1)))> <1
>N >N 8vloglogz

since this series converges.

Because the expected number of intervals that do not contain an integer in
is less than 1, there must exist a sequence () which intersects every such interval,
and thus satisfies the properties of the theorem. O

4. GEOMETRIC-PROGRESSION-FREE SETS WITHOUT LARGE GAPS

A very similar construction can be used to prove Theorem 1.3, producing a set
free of 3-term geometric progressions with gaps smaller than those obtained by
He.

Proof of Theorem 1.3. Following the method of proof of Theorem 1.1, we con-
struct a set similar to the squarefree numbers, in the sense that each prime
number is only allowed to appear (if it appears at all) to one fixed power in any
element of the set. As before, we construct this set probabilistically and then
bound the probability that it omits any interval of the size given in (2).

For each prime p; choose a positive-integer-valued random variable X; with

distribution
1

2n

Now construct the set of integers T = {n > 2 : p;jln — p:X’||n} consisting of
those integers n where the exponent on each of its prime divisors p; is equal to
the random variable X;. (If p; divides n then pZ-Xi is the largest power of p; that
divides n.)

This set T is free of 3-term geometric progressions of integers for essentially the
same reason that the squarefree integers avoid such progressions. If {a, ar,ar?}
is any geometric progression with » € Q, » > 1 and p divides the numerator of r
but not the denominator, then p appears to different, positive, powers in ar and
ar?, and hence both cannot be in 7.

We now show that we expect every interval of size (2) to contain an element
of this set. Let

1y = exp <2\/10g210ga:+336\/10g2logajloglogaz> (4)

and consider the interval [x —y, x]. We again use Theorem 2.2 to obtain a pairwise

c3/Y
logy

coprime subset S of this interval of size at least consisting of integers having
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at most 210“ +0 ( Jogz ) prime factors. The probability an integer n from this
set is contalned in T is

Q(TL) 210g1+o( log x )
1 1 1Y\ Togy log? y
P = 11 res =-(2) =)

p{In pilin

21log 21 1
< (s o lu)
logy log™y

Exploiting the fact that elements of S are pairwise coprime, the probability
that none of the elements of S are included in T is

[Ta-Pmen)<]] (1 —exp (— (WJFO (Ejz?))))

nes nes
210g 21 1 B
< (1-ew (- (P o (my))
log y log”y
2log 21 1
<ow (- <ow (- (B0 +o (257)))
logy logy log® y

2log2logz
= exp (— exp <%logy - % —loglogy + O(l))) )

Inserting (4) here for y the innermost exponent above becomes

log 21
\/log2logx—|—%\/logﬂogmlogloga:— bt
\/10g210gm + %\/logﬂogxloglogx

1
~3 loglogz + O(1)

(3+€) loglog x 1
= /log 21 1 - ——log1 o(1
og2Zlogx \/—F 2y/Tog 21og © \/1+ (3+€)loglog = 9 oglogz + O(1)
2+/log2log x
(3+¢)loglogx (loglog x)?
= /log21 4+ O0(——] ) - 71 1 O(1
8 ogm( 2+/log2logx + log x 908 ogz+O(1)

- <1+%) loglogz + O (1).

The fourth line above was obtained using the Taylor expansion

vV1i4+x—

1
=z 4 O(z?
vVi+z (@)
around x = 0.
Therefore, the probability that no such integer is included in T is at most
exp (— exp ((1 + 5) loglogz + O (1))) As before, by linearity of expectation, we
may choose a sufficiently high initial value N so that the expected number of
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intervals of the form [z — y, ] which do not contain an integer in 7" is at most

Z P(lz —y,z]NT =2) < Z exp (—exp((1+§)10g10gw+0(1))) <1
>N >N

since this series is convergent. Thus there exists a geometric-progression-free
sequence T satisfying the properties of the theorem. O

5. FINAL REMARKS

While we were able to show that there exist primitive sets in which the gap
between consecutive terms was much smaller than what is known to be true, even
conditionally for the primes, the method developed doesn’t seem to generalize to
sequences of pairwise coprime integers.

Question 5.1. Can one prove that there exists a sequence vi < vy < --- of pair-
wise coprime integers in which the difference between consecutive terms vy, —v,_1
is smaller than the best known upper bound for the gaps between primes?
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